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FAMILIES INDEX FOR MANIFOLDS WITH HYPERBOLIC
CUSP SINGULARITIES
PIERRE ALBIN AND FRE´DE´RIC ROCHON
Abstract. Manifolds with fibered hyperbolic cusp metrics include hy-
perbolic manifolds with cusps and locally symmetric spaces of Q-rank
one. We extend Vaillant’s treatment of Dirac-type operators associated
to these metrics by weaking the hypotheses on the boundary families
through the use of Fredholm perturbations as in the family index the-
orem of Melrose and Piazza and by treating the index of families of
such operators. We also extend the index theorem of Moroianu and
Leichtnam-Mazzeo-Piazza to families of perturbed Dirac-type operators
associated to fibered cusp metrics (sometimes known as fibered bound-
ary metrics).
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Introduction
One of the main topics in geometric analysis is the study of elliptic oper-
ators on manifolds with singularities. Among the simplest singularities are
hyperbolic cusps. Indeed it is well known that these are the only singular-
ities appearing among hyperbolic manifolds with finite volume. A related
type of singularity which we will refer to as a fibered hyperbolic cusp occurs
among the natural metrics on locally symmetric spaces of Q rank one. Along
these cusps there are directions in which the metric degenerates but also an
underlying cylindrical core which does not. We call fibered hyperbolic cusp
metrics a class of metrics whose singularities have this kind of structure but
The first author was partially supported by a NSF postdoctoral fellowship. The second
author was supported by a postdoctoral fellowship of the Fonds que´be´cois de la recherche
sur la nature et les technologies.
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that need not have constant curvature or any underlying algebraic struc-
ture. The goal of this article is to analyze the families index for families of
Dirac-type operators associated to these metrics.
The index theory of locally symmetric spaces of Q-rank one has been
studied at length by Werner Mu¨ller (e.g., [29]). Boris Vaillant [34] intro-
duced fibered hyperbolic cusp metrics (which he referred to as d-metrics)
and adapted the methods of Melrose [22], Mazzeo-Melrose [21], and Dai-
Melrose [13] to construct the resolvent and the heat kernel of associated
Dirac-type operators. To extend his constructions to families of Dirac-type
operators, we use an adapted version of the proof of the families index the-
orem on asymptotically cylindrical manifolds of Melrose-Piazza [25].
Our result can be applied to the index theory of the “fibered cusp” met-
rics introduced by Mazzeo and Melrose in [21] where they are referred to as
φ-metrics. These metrics are conformally related to Vaillant’s fibered hyper-
bolic cusp metrics and Moroianu has shown [28] that for a single operator
one can deduce an index theorem for Dirac-type operators from Vaillant’s
index theorem. A different proof via adiabatic limits was given by Leicht-
nam, Mazzeo, and Piazza [18]. We show that Moroianu’s proof extends to
families of Dirac-type operators and so deduce a families index theorem for
fibered cusp metrics from the corresponding theorem for fibered hyperbolic
cusp metrics.
In a companion paper [2], we also investigate some interesting implications
of our results in Teichmu¨ller theory. More specifically, on the Teichmu¨ller
universal curve associated to Riemann surfaces of genus g with n punctures,
various families of ∂ operators arise naturally and can be interpreted as
Dirac type hyperbolic cusp operators. Such families were already studied
by Takhtajan and Zograf [33]. Using the Selberg Zeta function to define the
determinant of the Laplacian, they were able to compute explicitly the cur-
vature of the Quillen connection for the determinant line bundles associated
to these families of ∂ operators. This curvature corresponds to the two form
part of the family index. In [2], we use our results to get a formula for the
‘full’ family index, generalizing in this way the formula of Takhtajan and
Zograf.
We now describe our results precisely and the contents of the paper.
Statement of results
The simplest example of a fibered hyperbolic cusp metric is the hyper-
bolic metric on the quotient of a hyperbolic space by a group of isometries
containing parabolic elements. For instance, after moding out H2 (thought
of as the half-plane {x ≥ 0}) by the action of the parabolic isometry
(x, y) 7→ (x, y + 1)
we end up with the infinite half cylinder
R+ × S1 with the metric g = dx
2
x2
+
dθ2
x2
.
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Introducing the change of variable r = −1/x the hyperbolic metric along
the cylinder takes the form
dr2
r2
+ r2dθ2.
This is the model of a hyperbolic cusp metric.
Similarly, for a locally symmetric space of Q rank one, X, a neighborhood
of infinity has the form
M × R+r
withM the total space of a fibration Z−M φ−→ Y and the natural Riemann-
ian metric along the ends is given by
dr2 + φ∗gY + e−2CrgZ
with gY a metric on Y and gZ a metric along the fibers. Setting C = 1 and
introducing x = e−Cr this metric takes the form
(1)
dx2
x2
+ φ∗gY + x2gZ .
A metric on the interior of a manifold with boundaryX is called an exact
fibered hyperbolic cusp metric if the boundary is the total space of a
fibration Z−∂X φ−→ Y and, near the boundary, the metric is asymptotically
of the form (1) (see §1.1). Fibered hyperbolic cusp objects will generally be
labeled φ-hc.
Here and below x denotes a boundary defining function or ‘bdf’, i.e.,
x is a smooth non-negative function on X ∪ ∂X such that
∂X = {x = 0}, |dx|
∣∣
∂X
> 0.
In a coordinate chart near the boundary - with yi, zj denoting coordinates
along the base Y of the fibration and the fibre Z respectively - the set of
vector fields of finite length with respect to a φ-hc metric (denoted Vφ-hc) is
locally spanned by
(2)
{
x∂x, ∂yi ,
1
x
∂zj
}
.
As explained by Melrose [22], there is a vector bundle φ-hcTX whose sections
are precisely the elements of Vφ-hc. While a vector field in the span of (2) is
singular at the boundary as a section of TX, it is non-singular as a section
of φ-hcTX. Intuitively, one can think of replacing TX by φ-hcTX as part of
a wider ‘change of category’ and then Vaillant’s index theorem is the usual
Atiyah-Singer index theorem in this category. This viewpoint is espoused
in [22] where it is shown that many constructions of Riemannian geometry
have natural analogues for asymptotically cylindrical manifolds.
Thus a φ-hc Clifford module is a vector bundle E with an action of the
bundle of Clifford algebras, Cl
(
φ-hcT ∗X
)
of the dual bundle to φ-hcTX, as
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well as a compatible Hermitian metric and connection. The correspond-
ing Dirac-type operator is referred to as a φ-hc Dirac-type operator and is
denoted ðEφ-hc or simply ðφ-hc.
A particular case of φ-hc metrics are the asymptotically cylindrical or
‘b’ metrics. The index theorem for asymptotically cylindrical metrics was
proven by Atiyah, Patodi, and Singer [3] and extended to more general
b-metrics by Melrose [22]. The extension to families of Dirac operators
associated to asymptotically cylindrical metrics was carried out by Bismut
and Cheeger [8, 9] and then by Melrose and Piazza [25, 26]. To discuss our
results it is convenient to start by reviewing these.
If X −M ψ−→ B is a fibration of manifolds with boundary then a family
ðb of Dirac-type operators associated to a family of b-metrics on the fibers
is always elliptic, but not necessarily Fredholm. This is determined by the
family of operators on the boundary fibration ∂X − ∂M ∂ψ−−→ B, say ð∂ ,
induced by restricting ðb to the boundary. Bismut and Cheeger proved,
for twisted Dirac operators, that if ð∂ is an invertible family then ðb is a
continuous family of Fredholm operators and hence defines an index ‘bundle’
as an element of the K-theory of B. The Chern character of the index bundle,
as an element in Heven(B), was computed to be
Ch Ind (ðb) =
∫
M/B
Â (M/B) Ch (E)− η̂ (ð∂)
where Â is the A-roof genus, Ch (E) is the Chern character of the twisting
bundle, and η̂ is the η-form invariant introduced in [7]. (With the convention
that [η̂][0] is equal to one-half of the numerical η-invariant.)
Melrose and Piazza were able to prove an index theorem in this context
with no assumption on the boundary family by perturbing the original family
to make it Fredholm. The existence of a Fredholm perturbation among
families of smoothing operators was shown to be a topological condition
which, by cobordism invariance of the index, always holds in this context.
A perturbed family of b-Dirac operators defines an index bundle in K(B)
(parametrized by a ‘spectral section’ P ) whose Chern character is given by
essentially the formula above
Ch IndP (ðb) =
∫
M/B
Â (M/B) Ch′ (E)− η̂P (ð∂)
with an appropriately modified η-form. A particular case of interest is when
ð∂ is not invertible but has constant rank kernel. Then the modified η-form
is equal to the Bismut-Cheeger η form plus the Chern character of ker ð∂ , a
formula that was first stated in [10].
Consider now a family of manifolds X −M ψ−→ B where the boundaries
of the fibers are themselves the total space of a fibration Z − ∂X φ−→ Y , so
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that altogether we have
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As mentioned above a family of φ-hc Dirac-type operators ðφ-hc is necessarily
singular at the boundary. So to understand the behavior at the boundary we
first multiply by x and then restrict xðφ-hc to the boundary, thus obtaining
the boundary family of Dirac operators in this context. This is not a family
of operators on ∂X but instead is a φ-vertical family of operators which
we denote ðVφ-hc. If this family of operators is invertible then the original
family ðφ-hc is Fredholm. More generally one can often find a invertible
perturbation of ðVφ-hc that extends to a smoothing Fredholm perturbation
of ðφ-hc. As discussed in §2.2 these are again parametrized by spectral
sections, though it is necessary to restrict to spectral sections equivariant
with respect to the action of Cl(T ∗D/B). We denote the resulting index
bundle by IndPV (ðφ-hc).
One instance where this is possible is when ðVφ-hc is not invertible but has
kernel of constant rank. In this case, the constant rank case, a subtler
analysis is possible. These kernels fit together to form a vector bundle over
D,
K := ker ðV → D,
and once we have restricted ðφ-hc to sections of K, the resulting operator has
non-singular restriction to the boundary. In this way, we obtain a second
boundary family, a ψD-vertical family of operators, which we denote ð
H,K
φ-hc.
Vaillant has shown that ðφ-hc is Fredholm (as an operator on L
2(gφ-hc)) if and
only if ðH,Kφ-hc is an invertible family of operators. If ð
H,K
φ-hc is not invertible, but
can be perturbed to be so, then the perturbations are again parametrized by
spectral sections and we denote the resulting index bundle by IndPH (ðφ-hc).
Theorem 1. Let M be as in (3), g a ψ-vertical family of exact φ-hc metrics,
E an associated Clifford module over M , and ðφ-hc the corresponding family
of φ-hc Dirac-type operators. Denote dimM/B by n and dimD/B by h.
If ðV admits an appropriate invertible perturbation, and IndPV (ðφ-hc) is
the resulting index bundle, then in Heven(B) we have
(4) Ch(IndPV (ðφ-hc)) =
1
(2πi)n/2
∫
M/B
Â(M/B)Ch′(E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â(D/B)η̂P
(
ðVφ-hc
)
.
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If the rank of ker ðV is constant independent of the base point in D and
P is a spectral section for ðH := ðφ-hc
∣∣
∂M, K, then in H
even(B) we have
(5) Ch(IndPH (ðφ-hc)) =
1
(2πi)n/2
∫
M/B
Â(M/B)Ch′(E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â(D/B)η̂
(
ðVφ-hc
)− η̂P (ðH,Kφ-hc) .
If the rank of ker ðV is constant independent of the base point in D and
ð
H,K
φ-hc is invertible then we have the following equality of forms on B,
(6) Ch
(
Ind (ðφ-hc) ,∇Ind
)
=
1
(2πi)n/2
∫
M/B
Â (M/B)Ch′ (E)− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðV , E
)
− η̂
(
ð
H,K
φ-hc
)
− d
∫ ∞
0
Str
(
∂Atφ-hc
∂t
e−(A
t
φ-hc)
2
)
.
Since we use the standard sign convention for eta forms instead of the sign
convention of Vaillant, notice that we get an extra minus when we compare
the degree zero part of the formula with the formula of Vaillant. Moreover,
when h is even, the second term on the right hand side of (4),(5) and (6)
differs from the corresponding term in the formula of Vaillant [34] by a factor
of −√2πi. This is because for h even, the eta form considered by Vaillant is
−√2πi times the standard eta form of Bismut and Cheeger [7]. This extra
factor in the definition of Vaillant is due in part to the his unusual definition
of the relative supertrace (see equation (111) in [34]).
Our proof follows the usual strategy, after [6], used for families of Dirac-
type operators. That is, introducing the rescaled Bismut superconnection
associated to the family of operators and the Levi-Civita connection of the
metric, say At, and comparing the behavior of its Chern character
Ch (At) = Str
(
e−A
2
t
)
as the parameter t goes to infinity and zero. However, for a family of φ-hc
Dirac operators, the construction of the heat kernel is complicated by the sin-
gularity of the relevant superconnection A2t at the boundary. Furthermore,
after the heat kernel is constructed it turns out not to be of trace class.
We deal with the first difficulty by using Vaillant’s heat calculus adapted to
these operators and with the second by introducing a renormalized Chern
character. Indeed our proof of Theorem 1 follows the proof in [25] of the
index of families of b-Dirac operators replacing the use of the b-calculus with
Vaillant’s treatment of φ-hc operators (note that for technical reasons there
is no φ-hc calculus).
The paper is organized as follows. In §2 we describe the geometry of
families of φ-hc metrics as a generalization of Vaillant’s thesis which for this
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purpose is reviewed in §1. Section 3 introduces the φ-hc Bismut supercon-
nection and explains how, by a suitable rescaling, it contains the geometric
data of the boundary fibrations. The proof of the φ-hc families index theo-
rem is in §4, followed by the derivation of the φ-c families index theorem in
§5.
Acknowledgements
The authors are happy to acknowledge helpful conversations on these topics
with Rafe Mazzeo, Richard Melrose, Sergiu Moroianu, Leon Takhtajan, and
Peter Zograf.
1. Review of Vaillant’s thesis
Our paper relies heavily on the thesis of Boris Vaillant [34], who proves
among other things an index theorem for Dirac-type operators associated
to fibred cusp hyperbolic metrics. For this reason, we intend in this section
to review the main steps and constructions involved in the proof of this
theorem.
1.1. Behavior near the cusps.
We start out with a manifold X whose boundary is the total space of a
fibration
Z − ∂X φ−→ Y.
Let x be a boundary defining function, i.e., a smooth non-negative function
on X such that ∂X = {x = 0} and dx is never equal to zero at the boundary.
A complication inherent in dealing with φ-hcTX (which is defined below) is
that its sections do not form a Lie algebra. For this reason, it is convenient
to work with the closely related Lie algebra
Vφ-c(X) :=
{
V ∈ Γ (TX) : V∣∣
∂X
∈ Γ (T (∂X/Y )) , V x = O (x2)}
introduced by Mazzeo and Melrose [21], and define
Vφ-hc(X) :=
{
1
x
V : V ∈ Vφ-c
}
.
Then the bundles φ-cTX and φ-hcTX are defined by specifying their sections
(cf. [22, Chapter 8])
(1.1) Γ
(
φ-cTX
)
= Vφ-c(X), Γ
(
φ-hcTX
)
= Vφ-hc(X).
This is characteristic of the methods in [34] and below, we study φ-hc objects
by relating them to the generally better behaved φ-c objects.
A fibre metric on the bundle φ-hcTX is known as a φ-hc metric. However,
in practice, it will be necessary to restrict the behavior of the metric near
the boundary. The most restrictive condition is to fix a collar neighborhood
of the boundary, C (∂X) ∼= [0, ε)x × ∂X, extend the fibration to C (∂X)
[0, ε)x × ∂X φ−→ [0, ε)x × Y,
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choose a connection for φ, and demand that in this neighborhood the metric
takes the form
(1.2)
dx2
x2
+ φ∗gY + x2g∂X/Y
where gY (a metric on Y ) and g∂X/Y (a symmetric two-tensor that restricts
to a Riemannian metric on each fiber of φ) are such that φ∗gY + g∂X/Y
is a Riemannian submersion metric for ∂X. Such a metric is known as a
product-type φ-hc metric. While these metrics are easy to deal with
computationally, they are not preserved by all changes of coordinates in the
interior.
Instead we work with a class of metrics that are asymptotically like (1.2).
An exact φ-hc metric is a fibre metric on φ-hcTX that near the boundary
takes the form
(1.3) gφ-hc =
dx2
x2
+ h+ x2k = gpt + xg˜
where gpt is a product-type metric and g˜ ∈ C∞(M,S2 φ-hcT ∗M/B).
Remark. This definition of exact φ-hc metric, consistent with Moroianu
[28], is different from that used by Vaillant. However the differences are
minor (Vaillant has gφ-hc(x∂x, x∂x) = 1+O(x2) and gφ-hc(x∂x, 1x∂z) = O(x2)
while Moroianu has respectively 1 +O(x) and O(x)), and do not affect the
analyis below.
If the boundary fibration has Z = {pt} and φ = id, then the φ-hc objects
(vector fields, metrics, etc.) are known as b objects. The geometry and
index theory of b-metrics was worked out by Melrose in [22] and the family
index theorem by Melrose and Piazza [25, 26]. We will occasionally make
use of b-vector fields and metrics.
Recall that the geometry of a submersion metric, such as
g∂X := (h+ k)
∣∣
∂X
,
is described by two tensors, the second fundamental form of the fibers Sφ
and the curvature of the fibration R̂φ. Indeed, the metric determines a com-
plement to the space V ∂X of vertical vector fields, which we denote H∂X,
and these two tensors describe the failure of the Levi-Civita connection to
preserve the splitting
(1.4) T∂X = V ∂X ⊕H∂X.
In terms of the Levi-Civita connection ∇∂X of g∂X the second fundamental
form of the fibers is given by
(1.5)
Sφ ∈ C∞
(
∂X; (V ∗∂X)2 ⊗H∗∂X
)
Sφ (V1, V2) (H) := g∂X
(
∇∂XV1 V2,H
)
, Vi ∈ V ∂X,H ∈ H∂X,
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and the curvature of the fibration by
(1.6)
R̂φ ∈ C∞
(
∂X; (H∗∂X)2 ⊗ V ∗∂X
)
R̂φ (H1,H2) (V ) := g∂X ([H1,H2] , V ) , Hi ∈ H∂X,V ∈ V ∂X.
It is clear from their definitions that these tensors are respectively symmetric
and anti-symmetric in their first two arguments. Conversely we can describe
the Levi-Civita connection of g∂X in terms of these two tensors, (see for
instance [17])
g∂X
(∇∂XX1 X2, Y ) V0 H0
∇∂XV1 V2 k
(∇ZV1V2, V0) Sφ (V1, V2) (H0)
∇∂XH V k ([H,V ] , V0)− Sφ (V, V0) (H) −12R̂φ (H,H0) (V )
∇∂XV H −Sφ (V, V0) (H) 12R̂φ (H,H0) (V )
∇∂XH1 H2 12R̂φ (H1,H2) (V0) h
(∇YH1H2,H0)
where Vi and Hi are respectively vertical and horizontal vector fields. We
will often denote the ortohogonal projection onto the first summand of (1.4)
by vφ and the complementary projection onto H∂X by hφ.
Understanding the asymptotics of a fibered hyperbolic cusp metric means
understanding how the geometry of the fibration at the boundary, as encoded
in Sφ and R̂φ, relates to the geometry of the metric gφ-hc. To study this
problem we need to define horizontal and vertical vector fields in φ-hcTX.
Consider the inclusion map φ-cTX
j−→ TX restricted to the boundary
0→ φ-cN∂X → φ-cTX∣∣
∂X
j−→ φ-cV ∂X → 0
and choose a splitting of this exact sequence, φ-cTX
∣∣
∂X
= φ-cN∂X⊕φ-cV ∂X.
For a product-type metric these are easily identified as φ-cN∂X = 〈x2∂x, x∂y〉,
φ-cV ∂X = V ∂X and extended into C(∂X). Note that although φ-cV ∂X can
be identified with V ∂X, it is a priori a quotient and not a sub-bundle of
φ-cTX
∣∣
∂X
. Define the sub-bundles of asymptotically horizontal and asymp-
totically vertical vector fields, respectively by
Γ
([
φ-cN∂X
])
:=
{
W ∈ Γ
(
φ-cTX
)
:W
∣∣
∂X
∈ Γ
(
φ-cN∂X
)}
Γ
([
φ-cV ∂X
])
:=
{
W ∈ Γ
(
φ-cTX
)
:W
∣∣
∂X
∈ Γ
(
φ-cV ∂X
)}
where the restriction to the boundary is as an element of φ-cTX, and finally
define the corresponding φ-hc bundles
Γ
([
φ-hcN∂X
])
=
1
x
Γ
([
φ-cN∂X
])
, Γ
([
φ-hcV ∂X
])
=
1
x
Γ
([
φ-cV ∂X
])
.
Given a φ-c vector field, W , the Kozul formula applied to an arbitrary
φ-c metric defines a map
(1.7) ∇φ-cW : Γ
(
φ-cTX
)
→ Γ
(
φ-cTX
)
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which satisfies the Leibnitz rule. However this is not quite a connection since
the vector field W must itself be a φ-c vector field. One of the benefits of
restricting to exact φ-c metrics is that then the map (1.7) is defined for any
vector fieldW and so defines an actual connection on φ-cTX. The analogous
statement is true for exact φ-hc metrics.
Lemma 1.1 (Vaillant [34], §1). The Levi-Civita connection of an exact φ-hc
metric is a connection on the φ-hc tangent bundle
∇φ-hc : Γ
(
φ-hcTX
)
→ Γ
(
T ∗X ⊗ φ-hcTX
)
.
In contrast to ∇∂X , this connection preserves asymptotically vertical and
horizontal vector fields
Γ
([
φ-hcN∂X
]) ∇φ-hcW−−−→ Γ([φ-hcN∂X]) ,
Γ
([
φ-hcV ∂X
]) ∇φ-hcW−−−→ Γ([φ-hcV ∂X])
whenever W ∈ Γ(TX) is tangent to the boundary.
We can be more precise about the asymptotic behavior of ∇φ-hc. Fix
a collar neighborhood of the boundary, C(∂X), in which the metric has
the form (1.3). Corresponding to the choice of product structure there is a
natural extension of any vector field on the boundary to a vector field on
C(∂X). Define the φ-hc second fundamental form of the fibers by
Sφ-hc ∈ C∞
(
∂X; (V ∗∂X)2 ⊗ (φ-hcN∂X)∗
)
, Vi ∈ V ∂X,H ∈ φ-hcN∂X,
Sφ-hc (V1, V2) (H) := gφ-hc
(
∇φ-hc1
xV1
1
xV2,H
)∣∣
∂X
,(1.8)
and the φ-hc curvature of the fibration by
R̂φ-hc ∈ C∞
(
∂X; ((N∂X)∗)2 ⊗ V ∗∂X
)
, Hi ∈ φ-hcN∂X,V ∈ V ∂X
R̂φ-hc (H1,H2) (V ) := gφ-hc
(
[H1,H2] ,
1
xV
)∣∣
∂X
.(1.9)
It is easy to relate these tensors with (1.5) and (1.6). Indeed, we have
(1.10)
Sφ-hc (V1, V2) (H) = Sφ (V1, V2) (H)− dxx (H)k(V1, V2)
+
1
2
[
V1g˜(H,
1
xV2) + V2g˜(H,
1
xV1) + g˜(H,
1
x [V1, V2])
]∣∣
∂X
and
(1.11) R̂φ-hc (H1,H2) (V ) = xR̂φ (H1,H2) (V ) .
Notice that the last three summands in (1.10) vanish if the metric is a
product-type metric up to second order at the boundary.
Another point of view is adopted in [34, §1.4]. Instead of using a fixed
product structure on a collar neighborhood of the boundary, pick a vector
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field N transverse to the boundary and use it to extend φ-c vector fields off
of the boundary as follows: given A ∈ φ-cTX define A ∈ φ-cTX so that{
∇φ-hcN 1xA = 0
A
∣∣
∂X
= A
∣∣
∂X
as elements of φ-cTX.
For the asymptotics of the connection this is essentially what we did in the
previous paragraph, and it allows us to identify the last three summands in
(1.10) with the tensor
(1.12) Bφ-hc (V1, V2) (H) := 1
2
gφ-hc
(
1
x2
(
[V 1, V 2]− [V1, V2]
)
, 1xxH
)
,
i.e., we have [34, Lemma 1.13]
(1.13) Sφ-hc (V1, V2) (H)
= Sφ (V1, V2) (H)− dxx (H)k(V1, V2) + Bφ-hc (V1, V2) (H).
The trick of passing from A to A is particularly useful for computing the
asymptotics of the curvature Rφ-hc of gφ-hc.
Lemma 1.2 (Vaillant [34], Proposition 1.14). Let N ∈ Γ(TX) be transverse
to the boundary and let W ∈ Γ(φ-cTX). Then, at the boundary, if A ∈
Γ([φ-hcV ∂X]) and B ∈ Γ([φ-hcN∂X])
(1.14) gφ-hc
(
Rφ-hc (N,W )A,B
)∣∣
∂X
= dx(N)Sφ-hc (vφ-cW,xA) (B).
If A,B ∈ Γ([φ-hcN∂X]) then gφ-hc
(
Rφ-hc (N,W )A,B
)
= O(x), and
(1.15) gφ-hc
(
(∇φ-hcN Rφ-hc) (N,W )A,B
)∣∣
∂X
= (dx(N))2 R̂φ (A,B) (vφ-cW ).
We do note give expressions for the other asymptotics of the curvature,
as these are the ones we will need.
Proof. Notice how passing from A to A (and so on) reduces the problem to
the asymptotics of the connection:
gφ-hc
(
Rφ-hc (N,W )A,B
)∣∣
∂X
= gφ-hc
(
Rφ-hc
(
N,W
) 1
x
xA,
1
x
xB
)∣∣
∂X
= Ngφ-hc
(
∇φ-hc
W
1
x
xA,
1
x
xB
)∣∣
∂X
= N(x)gφ-hc
(
∇φ-hc1
x
W
1
x
xA,
1
x
xB
)∣∣
∂X
= dx(N)Sφ-hc (vφ-hcW,xA) (B)
which proves both (1.14) and that gφ-hc
(
Rφ-hc (N,W )A,B
)
= O(x) when-
ever A,B ∈ Γ([φ-hcN∂X]). Vaillant’s proof of (1.15) is through a similar
though more involved computation. 
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1.2. Fredholm criteria for Dirac-type operators.
A φ-c differential operator of order k is an element of the enveloping
algebra of Vφ-c, that is, a differential operator that in local coordinates near
the boundary has an expression of the form∑
j+|α|+|β|≤k
aj,α,β(x, y, z)(x
2∂x)
j(x∂y)
α(∂z)
β.
A differential operator acting between sections of two vector bundles E and
F has locally the same form but with aj,α,β valued in the homomorphism
bundle between E and F . A differential operator, P , is said to be a φ-hc
differential operator of order k if xkP is a φ-c differential operator of
order k.
A φ-hc Clifford module, E → X, is a Hermitian vector bundle over X
with a non-trivial smooth orthogonal fibre action of
Clφ-hc (X) := Cl
(
φ-hcT ∗X
)
,
which we will denote cl , and a unitary Hermitian connection, ∇E, which
distributes over the Clifford action compatibly with the connection ∇φ-hc on
φ-hcTX. We also assume that X is even dimensional so that Clφ-hc(X) is
Z/2-graded and that E has a compatible Z/2-grading
E = E+ ⊕ E−.
This information determines an associated φ-hc Dirac-type operator
by
Dφ-hc : C∞ (X;E) ∇
E−−→ C∞
(
X; φ-hcT ∗X ⊗ E
)
cl−→ C∞ (X;E) .
This is an element of Diff1φ-hc (M,E), i.e., xðφ-hc is a φ-c differential oper-
ator of order one. The operator Dφ-hc acting on L
2
φ-hc(X,E) is unitarily
equivalent to the operator
ðφ-hc = Dφ-hc − v2 cl
(
dx
x
)
acting on the corresponding b space, L2b(X,E) = x
−v/2L2φ-hc(X,E) (in par-
ticular, they have the same index). It is convenient to work on this space in
order to make use of the usual constructions.
The operators ðφ-hc are always elliptic, whether or not they are Fredholm
is determined by two model operators. The first of these is a family of Dirac
operators on the fibers of the boundary fibration φ. This operator, denoted
ðVφ-hc, is obtained by restricting xðφ-hc to the boundary,
ðVφ-hc := xðφ-hc
∣∣
∂X
∈ Diff1 (∂X/Y ;E) .
The dimension of the null spaces of these operators will generally vary with
the base point in Y . If it does not, we say that ðφ-hc satisfies the constant
rank assumption. Vaillant makes this assumption and denotes by K the
vector bundle over Y whose fibers are these null spaces.
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It is easy to see - using the characterization of Fredholm operators in the
φ-c calculus from [21] - that xðφ-hc is Fredholm as a φ-c operator if and only
if ðVφ-hc is invertible and we will refer to this possibility as the invertible
assumption. However, it is possible for ðφ-hc to be Fredholm even though
xðφ-hc is not. Under the constant rank assumption there is a second model
operator, which we will denote ðH,Kφ-hc, that determines whether or not ðφ-hc
is Fredholm. This operator is obtained by restricting ðφ-hc to sections of K
over the boundary, i.e,
ð
H,K
φ-hc := ðφ-hc
∣∣
∂X,K ∈ Diff1 (Y ;K) .
Theorem 1.3 (Vaillant [34], §3). Under the constant rank assumption, the
operator ðφ-hc is Fredholm as an operator on L
2
φ-hc(X;E) if and only if ð
H,K
φ-hc
is invertible.
Vaillant proves this theorem (and a lot more besides) by constructing a
parametrix for ðφ-hc and showing that it can be meromorphically continued
to a Riemann surface determined by the spectrum of ðH,Kφ-hc. The construc-
tion uses the constant rank assumption and allows Vaillant to describe the
spectral measure at zero in the non-Fredholm case.
Before passing to the next section we recall Vaillant’s description of ðH,Kφ-hc
and its relation to a natural Dirac operator on K (see [34, §3.5]). Since the
following computation takes place at the boundary, we can assume without
loss of generality that the Dirac operator is represented by
ðφ-hc = cl
(
θ
i
)
∇E
Xi
where the φ-hc vector fields X i satisfy ∇Edx♭Xi = 0 with dx♭ the vector field
dual to dx. Then we have
ð
H,K
φ-hc = PKðφ-hc = PK∇Edx♭(xðφ-hc) = PK[∇Edx♭ , xðφ-hc]
= PKcl
(
∇dx♭θ
i
)
∇E
xXi
+ PKcl
(
θ
i
)
[∇Edx♭ ,∇ExXi ]
= PKcl
(
θ
i
) [
KE(dx
♭, xXi) +∇E[dx♭,xXi]
]
= PKcl
(
θ
i
) [
KE(dx
♭, xX i) +∇EXi−x∇φ-hc
Xi
dx♭
]
,
(1.16)
and we will denote X i − x∇φ-hcXi dx
♭ by −x∇φ-c
Xi
dx♭ (Vaillant points out that
this equals X i if Xi ∈ [φ-hcN∂X] and dx(Xi) = 0). It is convenient to
reinterpret this result after introducing notation to organize the geometry.
First recall that, since E is a Clifford module, its curvature KE decom-
poses with respect to the action of Clifford multiplication into
(1.17) KE(·, ·) = 1
2
cl
(
Rφ-hc(·, ·)
)
+K ′E(·, ·)
where K ′E , known as the twisting curvature of E, takes values in the homo-
morphisms of E that commute with Clifford multiplication.
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The φ-hc metric gX induces a b-metric, gY+ on Y+ := Y ×R+x by dx
2
x2
+φ∗gY
in the notation of (1.2). The bundle K pulls-back from Y to a bundle over
Y +, it inherits a Hermitian metric from the one on E by
(1.18) 〈ξ, η〉K :=
∫
∂X/Y
〈ξ, η〉E dvol∂X/Y
where the integral stands for push-forward along φ, and dvol∂X/Y is induced
by the φ-c metric on the fibers x−2gX , and it inherits a Clifford action by
projecting the Clifford action on E, cl K := PKhφcl . To define a connection
∇K compatible with 〈·, ·〉K, notice that for a vector field U on Y + we have
U
(
dvol∂X/Y
)
= U
(√
det g∂X/Y
)
θ1 ∧ · · · ∧ θv
=
1
2
tr
(
g−1∂X/Y (Ug∂X/Y )
)
dvol∂X/Y
=
∑
Vi∈V (∂X/Y )
〈∇∂X/YU Vi, Vi〉dvol∂X/Y
= tr
(
Seφ (·, ·) (U)
)
dvol∂X/Y
whence we define
(1.19) ∇KU := PK
(
∇Eeφ∗U +
1
2
tr
(
Seφ (·, ·)
(
φ˜∗U
)))
,
and obtain a unitary connection that makes K a Clifford module (cf. [7,
(4.24)]). If both the family of metrics gX and the family of metrics on E
are of product-type near the boundary then the computation above for ðH,Kφ-hc
collapses to ðK := cl K(θ
i
)∇K
Xi
with Xi φ-horizontal, i.e., to the Dirac-type
operator on K. However in general there is an extra endomorphism on K,
J , such that [34, Prop. 3.15]
(1.20) ðH,Kφ-hc = cl K ◦ ∇K + J
where J is given by
J := PK
(
vφcl
(
K ′E
(
dx♭, ·
))
+
1
2
vφcl φ-hc
(
RicV
(
dx♭, ·
))
+
1
4
cl φ-hc (Bφ-hc (x·, x·) (·))− vφcl
(
θ
i
)
∇E
x∇φ-c
Xi
dx♭
)
with RicV the ‘vertical’ Ricci curvature (i.e., contraction of the curvature
by vertical vector fields) and Bφ-hc defined above (1.12). (This follows from
(1.16) and (1.17) by applying Lemma 1.2.) Hence ðH,Kφ-hc is a zero
th order
perturbation of the Dirac-type b-operator, ðK.
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1.3. The heat kernel of a φ-hcDirac-type operator. Let ðφ-hc be a φ-hc
Dirac-type operator acting on the bundle E and satisfying the constant rank
assumption. As the first step in the proof of the index theorem for ðφ-hc,
Vaillant constructs its heat kernel, e−tð
2
φ-hc , by which we mean the solution
to the equation
(1.21)
{
(∂t + ð
2
φ-hc)Ht = 0
Ht=0 = Id
.
The integral kernel of the heat kernel naturally lives as a distribution on
the φ-hc heat space which we denote HXφ-hc. This is a space obtained
from X2 × R+ by a sequence of blow-ups. Let us motivate the structure of
this space by considering how one would construct the heat kernel.
First, away from the boundary of the manifold, the heat kernel should
resemble the heat kernel of the Euclidean space,
1
(2πi)n/2
e−
|ζ−ζ′|2
2t ,
so clearly the interesting behavior occurs when t→ 0 along the diagonal. To
capture this we introduce polar coordinates along {ζ = ζ ′, t = 0} parabolic
with respect to t (i.e., t should scale like ζ2), for instance we could take
ρ :=
[|ζ − ζ ′|4 + t2]1/4 , ζ̂ := ζ
ρ
, ζ̂ ′ :=
ζ ′
ρ
, t̂ :=
t
ρ2
.
Geometrically this corresponds to starting with the manifold X2 × R+ and
replacing the submanifold {ζ = ζ ′, t = 0} with a new boundary face (which
we will denote B00,2) on which ρ, ζ̂, ζ̂
′, t̂ are local coordinates. The resulting
manifold is denoted [
X2 × R+; {ζ = ζ ′, t = 0}, dt]
where the last ‘dt’ records the parabolic direction (see [13], [22] for details)
and comes with a natural blow-down map back to the original manifold,[
X2 × R+; {ζ = ζ ′, t = 0}, dt] β−→ X2 × R+.
The operator t∂t + tð
2
φ-hc lifts to the blown-up space where it is tangent to
the new face (this is why we have multiplied the operator in (1.21) by t).
Because of this, it determines a ‘model problem’ at this face whose solution
is precisely the Euclidean heat kernel (frozen at t = 1 as in [22, Chapter 7]).
Knowing the solution away from the boundary at time t = 0, consider
next the behavior of the operator t∂t+ tð
2
φ-hc as we approach the boundary.
Because of the degeneracy of the metric at the boundary in the fiber direc-
tions, the operator ð2φ-hc has a singularity of order two at the boundary. To
understand what is happening near the submanifold
diagφ×{0} = {x = x′ = 0, y = y′, t = 0}
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we again introduce polar coordinates around this submanifold, e.g., a rescaled
time variable τ = t/x2. Geometrically, we blow-up diagφ×{0} and lift
t∂t + tð
2
φ-hc to an operator on the resulting space. This space has a new
boundary face Bφφ,2 on which there is a new model problem. Near this face
the lift of t is τx2 so the restriction of tð2φ-hc to the new boundary face will
single out the part of ð2φ-hc that is most singular at the boundary, namely
(ðVφ-hc)
2. The solution to the new model problem is the product of the Eu-
clidean heat kernel on the base of the boundary fibration with the heat
kernel of (ðVφ-hc)
2, both evaluated in the rescaled time variable τ . As τ → 0
the solution to the model problem goes to the identity (which is consistent
with the model at B00,2) while as τ →∞ it approaches the projection onto
the null space of ðVφ-hc (here the constant rank assumption is essential).
There is one more submanifold that should be blown-up, the full corner
at positive time
∂X2 × R+,
and this blow-up should be radial (i.e., without any parabolic directions).
The resulting face is denoted B11,0 and it too has a model problem. We
need the solution to the heat operator t∂t + tð
2
φ-hc restricted to this face
with initial condition imposed by matching with the solution of the model
problem on Bφφ,2. Thus as t → 0 we need to match with the limit as
τ →∞ of the solution of the previous model, i.e., the initial value should be
the projection onto K. The solution to the model problem is thus the heat
kernel of ðH,Kφ-hc conjugated by the projection onto K.
The heat space HXφ-hc is the result of blowing-up the three submanifolds
described above (though for technical reasons the blow-ups should be made
in the opposite order),
HXφ-hc =
[
X2 × R+; (∂X)2 × R+; diagφ×{0}, dt; diag×{0}, dt
]
.
We have described the solution to the heat operator t∂t + tð
2
φ-hc when re-
stricted to the blown-up boundary faces, B00,2, Bφφ,2, and B11,2. Vaillant
constructed a heat calculus by singling out distributions onHXφ-hc that have
asymptotic expansions at all of the boundary faces, that act as smoothing
operators on functions on X×R+, and that are (conditionally) closed under
composition. He then showed that the solution to the equation (1.21) is an
element of this calculus by extending the solutions described above off of the
boundary faces and solving away the error. If we denote by Ψ2,2,0Heat,φ-hc(X,E)
the elements of this calculus that (in an appropriate sense) vanish to second
order at B00,2 and Bφφ,2, to zero
th order at B11,0 and to infinite order at
all other boundary faces, then we can state Vaillant’s result.
Theorem 1.4 (Vaillant [34], §4). The solution to (1.21) is an element of
Ψ2,2,0Heat,φ-hc(X,E) with restriction to each of the three blown-up boundary faces
given by the solution to the model problem described above.
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A little more precisely, if ρS denotes a boundary defining function for
BS , then the elements of Ψ
2,2,0
H φ-hc(X,E) are smooth sections of the density
bundle
(1.22) ρ200,2ρ
2
φφ,2ρ
−dimZ
11,0
[
(x′)n
tn/2
dt
t
β∗H,R
φ-cΩ(X)⊗Hom(E)
]
that vanish to infinite order at all boundary faces other than the three blown-
up ones. Here βH,R is the projection to the right factor of X,
φ-cΩ(X) is the
φ-c density bundle on X and Hom(E) is the bundle over X2 whose fiber over
(ζ, ζ ′) is the space of homomorphisms from Eζ to Eζ′ . A little unwinding
shows that the restriction of the heat kernel to the diagonal (away from the
boundary) is a density on X with a singularity of t−n/2 as t → 0. For the
index theorem it is necessary (as recalled in the next section) to compute
the supertrace of the heat kernel as time goes to zero. The existence of
this limit is due to a ”fantastic cancellation” of all of the potentialy singular
terms in the supertrace. One of the best ways to see this is via the use of
Getzler rescaling.
Getzler rescaling is carried out by Vaillant (following [22, Chapter 8]) by
refining the calculus to one with the rescaling built in and by showing that
this refined calculus contains the heat kernel (essentially by constructing it
again). Let us describe this refined calculus.
Consider the restriction of the bundle Hom(E) to B00,2. Since this face
lies over the diagonal in X2 (and Hom(E) is pulled-back to HXφ-hc from
X2), we can identify Hom(E) at this face with hom(E), the bundle over
X whose fiber over ζ consists of all homomorphisms from Eζ to itself. A
fundamental property of Clifford bundles is that the homomorphisms have
a decomposition
hom(E) ∼= Cl(T ∗X)⊗Hom′X(E)
where Hom′X(E) denotes the homomorphisms that commute with Clifford
multiplication. Furthermore the natural filtration of Cl(T ∗X) by Clifford
degree induces a filtration of hom(E) by
Cl
(i)
00,2 := Cl
(i)(T ∗X)⊗Hom′X(E).
Something similar is true at the boundary face Bφφ,2. This face lies over
{y = y′, x = x′ = 0}, so if we denote by T ∗Y + = T ∗Y ⊕ R the b cotangent
bundle of Y + := Y × R+x restricted to the boundary, we have
Hom(E)
∣∣
Bφφ,2
∼= Cl(T ∗Y +)⊗Hom′Y +(E)
where Hom′Y +(E) denotes the homomorphisms that commute with Clifford
multiplication by vectors in T ∗Y +. This suggests to define
Cl
(i)
φφ,2 := Cl
(i)(T ∗Y +)⊗Hom′Y +(E).
We want to use these filtrations to single out sections of Hom(E) (over
HMφ-hc), however we should first extend the filtrations off of the boundary
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faces. One way of doing this is by using the connection
∇Hom(E) = ∂t dt⊗∇E ⊗∇E∗ ,
a vector field N transverse to B00,2 but tangent to all other boundary faces,
and another vector field N ′ transverse to Bφφ,2 but tangent to all other
boundary faces. Then we declare that a section s of Hom(E) is rescaled if(
∇Hom(E)N
)j
s
∣∣
00,2
∈ Cl(j)00,2(E), for j ∈ {0, 1, . . . ,dimX}(
∇Hom(E)N ′
)k
s
∣∣
φφ,2
∈ Cl(k)φφ,2(E), for k ∈ {0, 1, . . . ,dimY + 1}.
Melrose showed that there is a bundle, Gr (Hom) (E), whose sections are
precisely the rescaled sections of Hom(E). Vaillant defines a rescaled heat
calculus by replacing Hom(E) in (1.22) with Gr (Hom) (E).
Showing that t∂t + tð
2
φ-hc acts on elements of the rescaled heat calculus
reduces, by means of the Lichnerowicz formula, essentially to showing that
the connection ∇E does. Melrose gave a criterion for this and Vaillant uses
the asymptotics of the curvature (Lemma 1.2) to show that the criterion
holds. The construction of the heat kernel in this rescaled calculus then
proceeds by solving the model problems at each of the boundary faces.
At B00,2 the model problem is the heat equation for the harmonic oscil-
lator and, as shown by Getzler, Mehler’s formula extends to this context to
give an explicit solution. The model problem at Bφφ,2 essentially splits into
a problem in the base directions (again a harmonic oscillator) and a problem
on the fibers. The latter is the heat equation for a superconnection Bφ-hc,
defined just like the Bismut superconnection except that the second funda-
mental form of the fibers Sφ is replaced by Sφ-hc. It is easy to see that these
solutions patch together and then Vaillant again solves away the error to
construct the solution to the heat equation. To state Vaillant’s construction
as a theorem, we denote by Ψ2,2,0RHeat,φ-hc(X,E) the subset of Ψ
2,2,0
Heat,φ-hc(X,E)
that takes values in Gr (Hom) (E) instead of Hom(E).
Theorem 1.5 (Vaillant [34], §5). The solution to (1.21) is an element of
Ψ2,2,0RHeat,φ-hc(X,E).
1.4. Vaillant’s index theorem for φ-hc Dirac-type operators.
In section §5 of his thesis, Vaillant proves an index theorem for φ-hc Dirac-
type operators satisfying the constant rank assumption. These operators
need not be Fredholm, in which case Vaillant’s formula is for the extended
L2-index. The proof is modeled on Melrose’s proof of the Atiyah-Patodi-
Singer index theorem in [22] and the investigation of the adiabatic limit of
analytic torsion by Dai and Melrose [13].
First recall the heat equation proof of the index theorem on a closed
manifold, X. If ð is a Dirac-type operator acting on the Z2-graded Clifford
bundle E, then ð is elliptic and hence automatically Fredholm with index
ind(ð) := dimker ð− dim coker ð.
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The heat kernel of ð2 is the solution to{
(∂t + ð
2)Ht = 0
Ht=0 = Id
and is denoted e−tð2 . McKean and Singer noticed that its supertrace (the
difference of the trace on E+ and the trace on E−) is in fact independent of
t. The index is the limit as t→∞ of this supertrace and hence we have
ind(ð) = lim
t→∞ Str(e
−tð2) = lim
t→0
Str(e−tð
2
).
Getzler showed that this last term could be computed explicitly by a method
now known as Getzler rescaling and gives the Atiyah-Singer index formula
(1.23) ind(ð) =
∫
X
Â(X)Ch′(E)
in terms of the Â-genus of the manifold and the ‘twisting’ Chern character
of the bundle E.
Melrose proved the Atiyah-Patodi-Singer index theorem by adapting this
proof to the context of manifolds with asymptotically cylindrical ends or
b-manifolds (a b metric is a φ-hc metric where the fiber of the boundary
fibration is a single point). If X is a manifold with an exact b-metric,
ðb is a b Dirac-type operator, and e
−tð2b is the heat kernel of its square,
then the proof described above can be applied to compute the index of
ðb, but most steps are not as simple as on a closed manifold. First ðb
is not necessarily Fredholm and even when it is Fredholm its heat kernel
is not trace-class. Melrose introduces a renormalized trace to replace the
usual trace, but then the renormalized supertrace of the heat kernel is not
independent of t. Nevertheless the limits as t → ∞ and t → 0 can be
computed just as before and so we obtain
ind(ðb) = lim
t→∞
R Str(e−tð
2
) = lim
t→0
R Str(e−tð
2
) +
∫ ∞
0
∂t
R Str(e−tð
2
).
and Melrose shows that this last term is given by the η invariant introduced
by Atiyah, Patodi and Singer,
ind(ðb) =
∫
X
Â(X)Ch′(E)− 1
2
η(ð∂X).
Vaillant’s proof of the φ-hc index theorem follows the same steps as Mel-
rose’s proof of the b index theorem and we briefly describe what is involved in
each step. As mentioned above, the ellipticity of ðφ-hc is not enough to guar-
antee that it is a Fredholm operator, and Vaillant assumes that ðφ-hc satisfies
the constant rank assumption. Given this assumption, Vaillant constructs
the heat kernel as described in the previous section. As for the b calculus,
the heat kernel is not trace-class and Vaillant uses the renormalized trace
as introduced in [24] (equivalent to the b-trace used by Melrose in [22], see
[1]) which we now describe.
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Recall that whenever an operator acts by an integral kernel so that
Au(ζ) =
∫
KA(ζ, ζ
′)u(ζ ′) dζ ′
and is trace-class, Lidskii’s theorem says that its trace is given by
TrA =
∫
KA(ζ, ζ) dζ.
When X is the interior of a manifold with boundary it can happen that this
integral does not converge - even for a smoothing operator - because the
measure blows-up at the boundary. Let x be a boundary defining function
and assume that KA has an asymptotic expansion in x as ζ approaches the
boundary, then the function
F (z) =
∫
xzKA(ζ, ζ) dζ
is holomorphic on a half-plane and extends meromorphically to all of the
complex plane. We define the renormalized trace of A to be the finite
part of F (z) at z = 0,
(1.24) R Tr (A) := FP
z=0
∫
xzKA(ζ, ζ) dζ.
It is easy to see that if A is trace-class then R Tr(A) = Tr(A) so the renormal-
ized trace of A is an extension of the usual trace. However the renormalized
trace is not actually a trace in that it does not always vanish on commuta-
tors.
Vaillant uses the description of the spectral measure at zero to show that
lim
t→∞
R Str
(
e−tð
2
φ-hc
)
= ind−(ðφ-hc),
the extended index of ðφ-hc. The contribution as t → 0 has two parts
corresponding to the two boundary faces in HXφ-hc over the diagonal at
t = 0, namely B00,2 and Bφφ,2. These can both be computed using the
model problems solved by the heat kernel at these faces. Thus the former
contributes the usual Atiyah-Singer integral occurring in (1.23) (convergence
of the integral follows from the fact that the Levi-Civita connection of a φ-hc
metric is a true connection). The latter boundary face contributes∫
Y
Â(Y )η̂(Bφ-hc)
where η̂(Bφ-hc) is the Bismut-Cheeger η form associated to the superconnec-
tion Bφ-hc (described in the previous section).
Finally the contribution from finite time,∫
R+
∂t
R Str(e−tð
2
),
reduces to a contribution from the third of the faces blown-up to construct
HXφ-hc, that is, B11,0. Computations very similar to those occurring in
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the proof of the index theorem for b-metrics show that this contribution is
equal to the η-invariant of the horizontal operator ðH,Kφ-hc. Putting these three
contributions together, Vaillant obtains the following theorem.
Theorem 1.6 (Vaillant [34], Theorem 5.29). The extended index, ind−(ðφ-hc),
of a φ-hc Dirac-type operator ðφ-hc satisfying the constant rank assumption
is given by
1
(2πi)n/2
∫
X
Â(X)Ch′(E)− 1
(2πi)⌊
h+1
2
⌋
∫
Y
Â(Y )η̂(Bφ-hc)− 1
2
η(ðH),
where n = dimX and h = dimY .
Remark. Our conventions for η invariants consistently differ from those
of Vaillant by a sign. Moreover, for eta forms, we use the convention of
Bismut and Cheeger [7] instead of the one of Vaillant. For h odd, the eta
form of Vaillant differs from the one of Bismut and Cheeger only by a factor
of −1, while for h even, the eta form of Vaillant is −√2πi times the one of
Bismut and Cheeger.
2. Families of φ-hc Dirac-type operators and Fredholm
perturbations
In the previous section we have explained how Vaillant extended Melrose’s
proof of the index theorem for exact b-metrics to an index theorem for exact
φ-hc metrics. In this section we will begin the process of extending the
proof of Melrose and Piazza of the index theorem for families of Dirac-type
operators associated to exact b-metrics to an index theorem for such families
associated to exact φ-hc metrics.
2.1. Families of φ-hc Dirac-type operators.
We start with a fibration M
ψ−→ B as in (3),
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Given a boundary defining function x for ∂M we define φ-cTM and φ-hcTM
just as in (1.1). The differential of ψ extends from the interior to a map
ψ∗ : φ-cTM → TB, so we can define
φ-cTM/B = kerψ∗
and define φ-hcTM/B in terms of φ-cTM/B. We choose a connection for
ψ in the form of a splitting φ-hcTM = φ-hcTM/B ⊕ ψ∗TB and denote the
projections onto each factor by vψ and hψ respectively.
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A family of exact φ-hc metrics, gφ-hc, is a fibre metric on the bundle
φ-hcTM/B whose restriction to each fiber is an exact φ-hc metric as described
in §1.1. We will denote the vertical φ-hc Clifford algebra by
Clψ(M) := Cl(
φ-hcT ∗M/B).
A φ-hc Clifford module, E, over the fibers of ψ is a bundle over M that
restricts to each fiber to be a Clifford module associated to the φ-hc metric
gM/B as described in §1.2. As before we assume that the fibers ofM ψ−→ B are
even-dimensional so that Clψ (M) is Z/2-graded and that E has a compatible
Z/2=grading
E = E+ ⊕ E−.
We denote the resulting ψ-vertical family of φ-hc Dirac-type operators by
Dφ-hc : C∞ (M/B;E) ∇
E−−→ C∞
(
M/B; φ-hcT ∗M/B ⊗ E
)
cl−→ C∞ (M/B;E) .
The family of operators Dφ-hc acting on the space L
2
φ-hc(M/B;E) is unitarily
equivalent to the operators
ðφ-hc = Dφ-hc − v2 cl
(
dx
x
)
acting on L2b(M/B;E) and, as for one operator, we prefer to work on this
space.
As before, whether or not the family of elliptic operators ðφ-hc is Fredholm
is determined by two model operators. The first of these is a family of Dirac
operators on the fibers of the fibration Z−∂M eφ−→ D which we again denote
ðVφ-hc and is obtained by restricting xðφ-hc to the boundary, i.e.,
ðVφ-hc := xðφ-hc
∣∣
∂M
∈ Ψ1 (∂M/D;E) .
We say that ðVφ-hc satisfies the constant rank assumption if the dimension
of the null space is independent of the point in D. We use the same term for
this as for the constant rank assumption for a single operator from §1.2 and
hope that, as we shall only consider families of operators from now on, this
will not result in confusion. We point out that the constant rank assumption
for families is stronger than imposing the constant rank assumption on each
of the individual operators ðφ-hc.
It is easy to see that the operator xðφ-hc is itself Fredholm as an element
of the φ-c calculus precisely when ðVφ-hc is invertible (e.g., from (2.1) below).
In which case, by results of Mazzeo-Melrose, xðφ-hc has a parametrix with
compact error inside Ψ−1φ-c (M/B;E), say B. Thus xB is both a parametrix
for ðφ-hc and a compact operator so ðφ-hc necessarily has purely discrete
spectrum and a trace-class heat kernel, properties we do not usually expect
of a geometric φ-hc Dirac-type operator. It is therefore interesting that we
are often able to perturb xðφ-hc by an operator that is smoothing in the
interior and obtain a Fredholm φ-c operator.
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Recall that Mazzeo and Melrose constructed in [21] a pseudo-differential
calculus, Ψ∗φ-c, on manifolds with a fibered boundary that includes differ-
ential φ-c operators and their parametrices (when these exist). Operators
in this calculus have two model operators: the principal symbol (defined as
on closed manifolds) and the normal operator which models the behavior at
the boundary (and takes values in a suspended calculus of pseudo-differential
operators). An operator in the φ-c calculus is Fredholm if both model oper-
ators are invertible and it is compact if they both vanish. Elements of Ψ−∞φ-c
are smoothing in the interior but are not compact operators (when acting
on L2φ-c for instance).
An operator Q ∈ Ψ−∞φ-c (M/B;E) is a large smoothing perturbation
if xðφ-hc + Q is a Fredholm φ-c operator. As already mentioned, in this
case the operator ðφ-hc +
1
xQ has compact resolvent and discrete spectrum
so these perturbations will generally change the structure of ðφ-hc a great
deal.
An operator ðφ-hc satisfying the constant rank assumption does not neces-
sarily admit a large smoothing perturbation. However, this assumption will
sometimes allow us to make a subtler correction and obtain a Fredholm op-
erator corresponding to the second of the model operators of ðφ-hc. Denote
by K the bundle over D with fibers the null spaces of the operators ðVφ-hc.
If dimK > 0 there is a second induced family, ðH,Kφ-hc, obtained by restricting
ðφ-hc to K at the boundary. This family acts on the fibers of the fibration
Y −D ψD−−→ B. As mentioned in §1.2, Vaillant showed that in this case ðφ-hc
is Fredholm if and only if ðH,Kφ-hc is invertible. Let PK denote an element
of Ψ0b(M/B;E) such that Ib(PK) is the projection onto K. An operator
Q′ ∈ Ψ−∞b (M/B;K) is a small smoothing perturbation if ðφ-hc+Q′PK
is Fredholm (its index bundle is easily seen to be independent of the choice
of PK).
2.2. Existence of Fredholm perturbations.
We now address the existence of large and small smoothing perturbations.
Given an elliptic φ-c operator, A ∈ Ψ∗φ-c(M/B;E), Melrose and the second
author investigated the existence of Fredholm perturbations by elements of
Ψ−∞φ-c (M/B;E) in [27]. Such a perturbation exists if and only if a topological
obstruction on the principal symbol of A vanishes. Precisely, the K-theory
class determined by σ(A) must be in the null space of the families index
map
Kc(T
∗M/B) AS−−→ K1c (T ∗D/B).
For Dirac-type operators, we will be interested in more specific perturba-
tions.
If ðφ-hc is a family of φ-hc Dirac-type operators, a simple computation [34,
Proposition 3.6] (or an appeal to naturality) shows that the normal operator
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of xðφ-hc is
(2.1) N(xðφ-hc) = ð
V
φ-hc + ðφ-cN∂X .
The normal family of a φ-c operator (also called the indicial family) is ob-
tained by taking the Fourier transform of the normal operator in the x and
y directions. For every point (q, ξ, η) ∈ T ∗Y + we have an operator (see [21,
Lemma 9])
N̂(xðφ-hc)(q, ξ, η) ∈ Ψ1(φ−1(q);E)
and clearly N̂(xðφ-hc)(q, 0, 0) = ð
V
φ-hc.
Suppose now that A ∈ Ψ−∞(∂M/D;E) is a self-adjoint perturbation such
that the family ðVφ-hc + A is invertible. Suppose also that A anti-commutes
with Clifford multiplication by odd elements of Cl(T ∗D+/B). We say in that
case that A is a Cl(T ∗D+/B)-odd self-adjoint perturbation. To get a
corresponding large smoothing perturbation, let ρ̂ ∈ C˙∞(T ∗(D/B)) be a
smooth function symmetric with respect to the zero section of T ∗(D/B)→
D. Assume also that ρ is identically one on the zero section. Consider
the function ρ̂ε(t) := ρ(tε) for ε > 0 acting by rescaling in each fiber of
T ∗(D/B) → D. It is such that ρ̂ε approximates the identity function on
T ∗(D/B) as ε→ 0. Alternately and to compare with [25, Lemma 9], notice
that this means its fibrewise inverse Fourier transform, which is a fibrewise
volume form ρε ∈ C˙∞(T (D/B); Λh(T (D/B))), approximates the Dirac delta
function of the zero section of T (D/B)→ D as ε→ 0. Because of the decay
conditions on ρ̂ and ρ̂ε, the operator Â
ε := ρ̂εA can be interpreted as the
normal family of some operator Aε ∈ Ψ−∞φ-c (M/B;E),
N̂(Aε) = Âε.
This is the large Fredholm perturbation we are looking for.
Lemma 2.1. Let A ∈ Ψ−∞(M/D;E) be a Cl(T ∗D+/B)-odd self-adjoint
perturbation such that ðVφ-hc + A is invertible. Then for each ε > 0, any
operator Aε ∈ Ψ−∞φ-c (M/B;E) with normal family family N̂(A)Âε = ρ̂εA is
a Fredholm perturbation of xðφ-hc.
Proof. It suffices to check that N̂(xðφ-hc + A
ε) is an invertible family. But
the normal family of xðφ-hc is given by
(2.2) N̂(xðφ-hc) = ð
V
φ-hc + σ(ðφ-cN∂X)
where σ(ðφ-cN∂X) is the symbol of ðφ-cN∂X , that is, at γ ∈ T ∗D+/B, it
is given by icl (γ) where cl (γ) is the corresponding Clifford multiplication.
Since A is Cl(T ∗D+/B)-odd, we compute directly that
(2.3)
(
N̂(xðφ-hc +A
ε)(d, ξ)
)2
=
(
ðVφ-hc + ρ̂εA
)2
+ ‖ξ‖2 IdE ,
for d ∈ D and ξ ∈ T ∗dD+/B. This family is clearly invertible, which implies
a fortiori that N̂(ðφ-hc +A
ε) is invertible as well. 
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The converse of Lemma 2.1 is also true, namely, the existence of a Fred-
holm perturbation for xðφ-hc implies the existence of a Cl(T
∗D+/B)-odd
self-ajoint perturbation A ∈ Ψ−∞(∂M/D;E) such that ðVφ-hc +A is invert-
ible. The proof is however much harder. Since we do not need it for our
purposes, we will omit it.
The type of large Fredholm perturbations arising in Lemma 2.1 is inti-
mately related with the notion of spectral section introduced by Melrose
and Piazza in [25]. Recall that a spectral section for ðVφ-hc is a family of self-
adjoint projections P ∈ Ψ0 (∂M/D;E) with the property that, for d ∈ D,
(2.4)
(
ðVφ-hc
)
d
u = λu =⇒
{
Pdu = u if λ > R (d)
Pdu = 0 if λ < −R (d)
for some function R : D → R+. Melrose and Piazza showed that the exis-
tence of a spectral section is equivalent to the vanishing of the families index
of ðVφ-hc. Also, in [26], they showed that a more refined statement is true
taking into account the action of cl
(
dx
x
)
. We generalize this to allow for the
action of Cl(T ∗D+/B).
Let P be a spectral section and denote the associated involution Id−2P
by Π. We say that P is a Cl(T ∗D+/B) spectral section if
(2.5) Πcl
(
dx
x
)
+ cl
(
dx
x
)
Π = 0, Πcl (θ) + cl (θ)Π = 0, θ ∈ Γ(T ∗D/B).
When A ∈ Ψ−∞(∂M/D : E) is a Cl(T ∗D+/B)-odd self-adjoint perturba-
tion such that ðVφ-hc + A is an invertible family, then one naturally gets a
Cl(T ∗D+/B) spectral section P defined by
(2.6)
(
ðVφ-hc +A
)
d
u = λu =⇒
{
Pu = u, ifλ > 0,
Pu = 0, ifλ < 0.
It is the Atiyah-Patodi-Singer spectral section associated to the in-
vertible family ðVφ-hc+A. Conversely, given a Cl(T
∗D+/B) spectral section
P , it is possible to construct a Cl(T ∗D+/B)-odd self-adjoint perturbation
AP ∈ Ψ−∞(∂M/D;E) such that P is the Atiyah-Patodi-Singer spectral sec-
tion of ðVφ-hc + AP . Given P , the choice of AP is not unique, but it is at
least unique up to homotopy.
In [25], Melrose and Piazza obtained a family generalization of the Atiyah-
Patodi-Singer index theorem where the boundary condition was specified
by a spectral section P . Their strategy was to translate this boundary
condition into an index problem for b-operators by adding a cylindrical end
to the manifold with boundary and by replacing the spectral section P by
a Fredholm perturbation. In our case, we do not need spectral sections
since we start directly with a Fredholm perturbation. Still, to ease the use
of results from [25], we will use the notation AP for a Cl(T
∗D+/B)-odd
self-adjoint perturbation such that ðVφ-hc +AP is invertible, the subscript P
denoting the Atiyah-Patodi-Singer spectral section associated to ðVφ-hc+AP .
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We also denote by AεP ∈ Ψ−∞φ-c (M/B;E) a choice of Fredholm perturbation
with normal family given by N̂(AεP ) = ρ̂εAP .
Given any such AεP , we know from [27, Lemma 1.1] that there is a family
of smoothing operators A′ with compact support away from the boundary
ofM/B such that dimker (xðφ-hc +A
ε
P +A
′) is constant independent of the
point in B. We will incorporate A′ into AεP without reflecting this in the
notation. We say that AεP is a large smoothing perturbation associated
to P . In this context P will always indicate a Cl(T ∗D+/B) spectral section.
The existence of a small smoothing perturbation is similar but more di-
rect. Again from [25] there exists a family Q ∈ Ψ−∞(D/B;K) such that
ð
H,K
φ-hc+Q is invertible if and only if the families index of ð
H,K
φ-hc vanishes, if and
only if ðH,Kφ-hc admits a spectral section. Given a spectral section R for ð
H,K
φ-hc
there is a family of self-adjoint smoothing operators QR ∈ Ψ−∞(D/B;K)
with range in a finite sum of eigenspaces of ðH,Kφ-hc such that ð
H,K
φ-hc + QR is
invertible. These can be extended as above to a family QεR ∈ Ψ−∞b (M/B;K)
with Ib(Q
0
R) = QR, and such that ðφ-hc+Q
ε
RPK is Fredholm for small ε > 0,
and dimker(ðφ-hc+Q
ε
R) is independent of b ∈ B. We say that QεR is a small
smoothing perturbation associated to R.
Finally in the non-perturbed Fredholm case, when ðVφ-hc has constant rank
kernel and ðH,Kφ-hc is invertible, it is possible to add a smoothing operator
whose kernel is compactly supported away from the boundary and arrange
for ker ðφ-hc and coker ðφ-hc to be vector bundles [25, Proposition 4]. In
any of the three cases, we will assume whenever convenient that such a
perturbation has been added so that the index bundle is simply the virtual
difference bundle.
2.3. Conformally related metrics.
It was pointed out by Hitchin that Dirac operators are conformally covariant.
What this means is that if a Riemannian manifold (N, gN ) has a Hermitian
Clifford bundle, E, with Clifford connection, and g˜N = e
2ωgN is a confor-
mally related metric, then E can be endowed with a g˜N -Clifford structure
and the generalized Dirac operators are related by
ðegN = e−
n−1
2
ω
(
e−ωðgN
)
e
n−1
2
ω
as operators on, for instance, C∞c (N) (see [34, Appendix 2]).
So associated to the family of φ-hc Dirac operators ðφ-hc is a family of
φ-c Dirac operators, ðφ-c and moreover [34, Proposition 3.6]
N (ðφ-c) = N (xðφ-hc) ,
though note that xðφ-hc − ðφ-c = n−12 xcl φ-c(dxx2 ) 6= 0.
Moroianu [28] applies these considerations to a φ-c metric, g0, on a man-
ifold X, a conformally related metric gp := x
2pg0, and the corresponding
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generalized Dirac operators ð0, ðp. By Hitchin’s formula
ðp = x
−p(n+1)/2ð0xp(n−1)/2.
Then it is always true that
ker (ðp) ∼= ker
(
x−pð0x−p
)
and if ð0 is fully elliptic then also
ker
(
x−pð0x−p
) ∼= ker ð0,
since ker(ð0) ⊆ ˙C∞(X). For families of operators Moroianu’s result extends
if we demand that the dimensions of the kernels of the operators be constant.
Lemma 2.2. Assume that gφ-c is a family of exact φ-c metrics on the fibers
of ψ : M → B, that E is a compatible Clifford module, ðφ-c is a vertical
family of φ-c Dirac operators acting on E, and A ∈ Ψ−∞φ-c (M/B;E) is such
that ðφ-c +A is a Fredholm family whose kernel has the same dimension at
every point of B.
For every p ∈ [0, 1], let ðp be the vertical family of Dirac operators acting
on E with the Clifford structure compatible with x2pgφ-c, and
Ap = x
−p(n+1)/2Axp(n−1)/2,
then ðp + Ap is a smooth family of Fredholm operators acting on the space
L2
(
M/B;x2pgφ-c
)
and ker (ðp +Ap) is isomorphic to ker (ðφ-c +A) as Z/2-
graded bundles over B. In particular, their families index coincide in K-
theory.
Proof. As pointed out in [28],
L2
(
M/B;x2pgφ-c
) xpn/2−−−→ L2 (M/B; gφ-c)
is an isometry and so any operator
T : L2
(
M/B;x2pgφ-c
)→ L2 (M/B;x2pgφ-c)
is unitarily equivalent to the operator xpn/2Tx−pn/2 acting on L2 (M/B; gφ-c).
In particular, ðp +Ap acting on L
2
p is unitarily equivalent to
xpn/2 (ðp +Ap) x
−pn/2 = xpn/2
(
x−p(n+1)/2 (ðφ-c +A) xp(n−1)/2
)
x−pn/2
= x−p/2 (ðφ-c +A) x−p/2
acting on L2φ-c and hence these have isomorphic kernels. Sections in the
kernel of ðφ-c + A vanish to infinite order at the boundary since this is a
fully elliptic family, and so the kernel of x−p/2 (ðφ-c +A) x−p/2 is the same
as the kernel of ðφ-c + A. As this isomorphism preserves the Z/2-grading
it restricts to isomorphisms of the kernel and cokernel of the chiral Dirac
operators. 
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Remark. For a family of φ-hc Dirac-type operators as in §2.2, ðφ-hc, and
a large smoothing perturbation AεP , this lemma says that
ðφ-hc + x
−(n+1)/2AεPx
(n−1)/2
is a smooth family of Fredholm operators whose index coincides with that
of ðφ-c + A
ε
P . In fact, since commutators of φ-c operators with powers of x
vanish at the boundary, we can replace this family with
(2.7) ðφ-hc +
1
x
AεP .
3. The φ-hc Bismut superconnection and its rescaling
In this section we describe more of the geometry of (3), in particular the
boundary fibrations. We use this to construct the Bismut superconnection
adapted to the vertical Dirac-type operators ðφ-hc. We recall that in §2.1
we have chosen a connection on ψ in the form of a splitting
φ-hcTM = φ-hcTM/B ⊕ THM
wherein THM can be identified with ψ
∗TB.
3.1. The φ-hc Bismut superconnection.
The family of metrics gφ-hc extends trivially to a degenerate metric on TM
by
(3.1) g0(V,W ) := gφ-hc(vψV,vψW ).
Alternately we can choose a metric on B, gB , and a parameter ε > 0 and
define
(3.2) gM (ε) := gφ-hc +
1
ε
ψ∗gB .
A useful property of φ-hc metrics is that gM (ε) is itself a φ-hc metric on M .
Notice that the dual metric on T ∗M , gM (ε) = gφ-hc + εgB , tends as ε → 0
to the dual metric to g0.
As in §1.1 the behavior of the Levi-Civita connection of gM (ε) is described
by the two tensors
Sψ ∈ C∞
(
M ; φ-hcT ∗ (M/B)⊗ φ-hcT ∗ (M/B)⊗ T ∗HM
)
R̂ψ ∈ C∞
(
M ;T ∗HM ⊗ T ∗HM ⊗ φ-hcT ∗ (M/B)
)
defined as in (1.5) and (1.6) respectively. It is well-known that these tensors
only depend on g0, and indeed we have
2Sψ (V1, V2) (H) = H〈V1, V2〉0 − 〈[H,V1] , V2〉0 − 〈[H,V2] , V1〉0(3.3)
R̂ψ (H1,H2) (V ) = 〈[H1,H2] , V 〉0.(3.4)
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We extend these trivially to Γ((φ-hcT ∗M)3) by
Sψ(W1,W2)(W3) := Sψ(vψW1,vψW2)(hψW3),
R̂ψ(W1,W2)(W3) := R̂ψ(hψW1,hψW2)(vψW3),
and then put them together to form ωψ ∈ C∞(M ; φ-hcT ∗M ⊗Λ2(φ-hcT ∗M))
(3.5) ωψ (X) (Y,Z) = Sψ (X,Z) (Y )− Sψ (X,Y ) (Z)
+
1
2
Ωψ (X,Z) (Y )− 1
2
Ωψ (X,Y ) (Z) +
1
2
Ωψ (Y,Z) (X) .
Let ∇⊕ := ∇φ-hc ⊕ ψ∗∇B (with respect to the connection on φ-hcTM
above) and let ∇ε be the Levi-Civita connection associated to gε. The limit
as ε→ 0 is also a connection, ∇0, and is related to ∇⊕ by
∇0 = ∇⊕ + 1
2
τ(ωψ)
where
τ : Λ2(φ-hcT ∗M)→ hom(φ-hcT ∗M), τ(ξ ∧ η)µ = 2[g0(ξ, µ)η − g0(η, µ)ξ].
The connection ∇0 induces a connection on the Clifford algebra associated
to g0,
(3.6) Cl0 (M) = ψ
∗Λ∗B ⊗ Clψ (M) .
Let E be a φ-hc Clifford module over the fibers of ψ. We can extend the
original fibre connection on E to a full connection (again denoted ∇E) that
is unitary and consistent with the Clifford action by Clψ(M) (see [25, §9]).
We can extend E to the superbundle
E = ψ∗Λ∗B ⊗ E,
which is a Clifford module with respect to (3.1) and (3.6) acting via
(3.7) m0 (α) = e (hψα) + cl (vψα)
with the connection
(3.8) ∇E,0 = ψ∗ (∇B)⊕∇E + 1
2
m0 (ωψ) .
The connection ∇E,0 is a Clifford connection with respect to ∇M,0, so we
will need to know about the curvature of the latter. Denote by RM/B the
curvature of ∇φ-hc. From the choice of metric (3.2), it is easy to see that,
for any X, Y in Γ(TM),
vψR
M,ε (X,Y )vψ = R
M/B (X,Y ) , hψR
M,ε (X,Y )hψ = ψ
∗RB (X,Y )
and both of these tensors are independent of ε. It is convenient to extend
these tensors trivially to sections of Λ2T ∗M ⊗ Λ2T ∗M by defining
RM/B (W,X) (Y,Z) := RM/B (W,X) (vψY,vψZ) ,
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then Proposition 10.9 of [4] shows that the tensor
lim
ε→0
(
RM,ε (W,X) (Y,Z)− 1
ε
ψ∗RB (W,X) (Y,Z)
)
is a well-defined element of Λ2T ∗M ⊗Λ2T ∗M with all of the symmetries of
a curvature tensor and equal to RM/B when Y and Z are ψ-vertical. Thus
RM,0 (T1, T2) (T3, T4) = lim
ε→0
RM,ε (T1, T2) (T3, T4)
is well-defined whenever hψTi = 0 for some i (as it will in all the cases we
consider). Finally we point out that Lemma 1.2 holds for RM,ε and hence
for RM,0.
The Dirac operator on E associated to the degenerate Clifford action m0
and the Clifford connection ∇E,0 is known as theBismut superconnection
and denoted A. Its action on C∞ (M ;E) is given by
A = A[0] + A[1] + A[2]
with A[j] : C∞ (M ;E) → C∞
(
M ;ψ∗ΛjB ⊗ E) and A[0] = ðEφ-hc the family
of Dirac operators associated to
(
E,∇E). More explicitly,
A = cl i∇E,⊕i + eα∇E,⊕α +
1
4
(ωψ)abcm
a
0m
b
0m
c
0
= cl i∇Ei + eα
(
∇Eα +
1
2
kψ (fα)
)
− 1
4
∑
α<β
R̂ψ (fα, fβ) (ei) eαeβcl i
where {fα}, {ei} are orthonormal frames for TB and φ-hcT (M/B) respec-
tively, e denotes exterior multiplication, and kψ is the trace of the second
fundamental form tensor Sψ in (3.3).
More generally, a φ-hc-superconnection on E is a φ-hc differential op-
erator
C∞ (M ;E) A−→ C∞ (M ;E)
of odd parity such that, for any k-form α on B and any section u of E,
A ((φ∗α) u) = (φ∗ (dα)) u+ (−1)k (φ∗α)Au.
A is said to extend A[1] and to be adapted to A[0].
The square of the φ-hc Bismut superconnection satisfies a Lichnerowicz
formula,
(3.9) A2 = ∆
M/B
Bochner +
1
4
scalM/B −
1
2
K ′E (ea, eb)m
a
0m
b
0.
Here ∆
M/B
Bochner is the Bochner or connection Laplacian associated to the con-
nection ∇E,0, and as such is a family of second order elliptic φ-hc differential
operators; scalM/B is the scalar curvature of the fibers (i.e., of the family of
exact φ-hc metrics gM/B) and K
′
E is the twisting curvature of the Clifford
module E.
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We now consider the restriction to the boundary of A. At the boundary
we have three related fibrations
Z ∂M
eφ

∂ψ
~~
Y D
ψD

B
and we have chosen connections that identify φ-hcTM
∣∣
∂M
with
T∂M/D ⊕ TD+/B ⊕ TB.
The tensor Sψ is given, for any ε > 0, by
Sψ(vψA,vψB)(hψC) = gM (ε)(∇φ-hc,εvψA hψC,vψB),
and since ∇φ-hc,ε satisfies (1.1) this vanishes at the boundary whenever B is
φ˜-vertical (hence whenever A is φ˜-vertical). It follows that
Sψ
∣∣
∂M
= SψD .
Similarly from (1.11) we see that
R̂ψ
∣∣
∂M
= R̂ψD .
Thus, when we restrict to the boundary, all the information about φ˜ is lost.
In the next section we explain how a rescaling of the bundles (as in §1.3)
allows us to recover this information for the ‘rescaled normal operator’.
Finally, we point out that Vaillant’s description of ðH,Kφ-hc (§1.2) extends to
the families context. Indeed, Vaillant obtains the geometrical description of
ð
H,K
φ-hc through the identity (1.16) which is still valid with ∇E,0 and ∇M,0.
To be more explicit, from above we know that ωψ
∣∣
∂M
= ωψD and hence
∇M,0∣∣
∂M
= ∇D,0. Also, using gM (ε) we can define Seφ−hc, Seφ, Beφ−hc, and
R̂eφ as above, and these satisfy (1.13), (3.3), (3.4) and so are independent of
ε. Then, denoting the trace of Seφ by keφ, we define a superconnection by
(3.10) Bψ+D
= cl
(
dx
x
)
x∂x + BψD = m
ψD
0 PK
(
∇E,0 + 1
2
keφ
)
,
and from (1.16) we find
Aφ-hc
∣∣
K,∂M = BψD + Jeφ.
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Here the endomorphism Jeφ is given by
PK
(
vφcl
(
KE
′
(
dx♭, ·
))
+
1
2
vφcl φ-hc
(
RicVM/B
(
dx♭, ·
))
+
1
4
cl φ-hc
(
Beφ−hc (x·, x·) (·)
)
− vφcl
(
θ
i
)
∇E,0
x∇φ-c
Xi
dx♭
)
with RicVM/B the φ-vertical contraction of the ψ-vertical curvature R
M/B.
As before, the last three terms in Jeφ vanish for product-type metrics and
the first term vanishes if M is spin and the twisting bundle has product-
type metric at the boundary. We point out that Jeφ does not involve any
exterior products (essentially because Beφ−hc vanishes on elements of TB for
any ε > 0).
3.2. The rescaled normal operator.
As we have mentioned, differential φ-c operators (say on X) were defined in
[21] as well as a larger φ-c pseudo-differential calculus. Pseudo-differential
φ-c operators are defined by describing their integral kernels. This can be
done on the space X2, however there is a more complicated space X2φ-c with
a natural map X2φ-c → X2 such that the integral kernels pulled-back to X2φ-c
have a much simpler description than on X2.
The spaceX2φ-c is obtained fromX
2 by blowing-up the submanifolds where
the kernels are complicated. Here blow-up (radial blow-up in §1.3) refers
to the process of replacing a submanifold of the boundary of X2 by its
inward-pointing spherical normal bundle - as described for instance in [22].
The simplest example is to introduce polar coordinates around the origin
in Rx × Rx′ . Polar coordinates take values in the space R+ × S1 obtained
from R2 by replacing the origin with {0}×S1. A function like arctan (x′/x),
which is singular on R2 lifts to a smooth function on R+×S1. The notation
used for this is [
R2; (0, 0)
]
where we indicate the original manifold and the submanifold that is blown-
up.
For a vertical family of φ-c pseudo-differential operators the space we need
is
(3.11) M2φ-c,ψ :=
[
M ×
B
M ; ∂M ×
B
∂M ; ∂M ×
D
∂M
]
,
where the notation indicates that we start with the fibered product of M
with itself over B,
M ×
B
M =
{(
m,m′
) ∈M2 : ψ (m) = ψ (m′)} ,
then we blow-up (introduce polar-coordinates around) the submanifold
∂M ×B ∂M , and then we blow-up the lift of the sub-manifold ∂M ×D ∂M . A
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theorem of Melrose guarantees that the result is still a manifold with corners
(because we have only blown-up ‘p-submanifolds’, see [23]). The blow-up
construction comes with a natural blow-down map which we denote
M2φ-c,ψ
βψ−→M ×
B
M.
Integral kernels of pseudo-differential operators on closed manifolds have a
conormal singularity at the diagonal (i.e., their transverse Fourier transform
is a symbol). For φ-c pseudo-differential operators this is true at diagφ-c,ψ,
the closure of the lift of the diagonal from the interior of M ×ψM to the
interior of M2φ-c. An advantage of the blown-up space is that diagφ-c,ψ does
not hit the boundary at a corner, but rather at the interior of the ‘front
face’, the boundary face produced by the second blow-up in (3.11). We will
denote this face by Bφφ.
We can now define vertical φ-c pseudo-differential operators of order
k acting between sections of two bundles F 1 and F 2,
(3.12) Ψkφ-c
(
M/B;F 1, F 2
)
by describing their integral kernels. These are distributions on M2φ-c,ψ, val-
ued in β∗ψ Hom
(
F 1, F 2
)
, that are smooth away from the boundary and the
diagonal, have a conormal singularity at diagφ-c,ψ of order k and have an
asymptotic expansion at Bφφ in powers of a boundary defining function for
that face. Recall that the bundle Hom
(
F 1, F 2
)
has fiber over the point
(ζ, ζ ′) given by Hom
(
F 1ζ , F
2
ζ′
)
.
Remark. It is convenient for the integral kernels to take values in half-
density bundles, but for simplicity we do not discuss this here.
We are interested in the case where F 1 = F 2 = E, so the distributions
will be valued in β∗ψ Hom (E) ⊗ ψ∗Λ∗B, which we denote Hom (E). In this
case, we can refine the pseudo-differential operators by demanding that the
kth coefficient in the expansion at the front face Bφφ has Clifford degree at
most k with respect to the Clifford algebra of
T ∗D+/B := bT ∗(D × R+)/B
∣∣
D
.
This is a Getzler rescaling argument, but applied to the whole calculus of
pseudo-differential operators. This technique was introduced in [22, Chapter
8] which we follow closely.
Since Bφφ lies over the fibered diagonal of the boundary, and E is a
Clifford module, we have
Hom (E)
∣∣
φφ
∼= Cl∗ (T ∗D+/B)⊗Hom′ (E) ,
where Hom′ (E) denotes homomorphisms that (anti)commute with Clifford
multiplication by elements of Cl∗ (T ∗D+/B), thus the restriction of Hom (E)
to Bφφ admits a filtration by Clifford degree.
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We define for k ≤ b+ h+ 1 (where b = dimB and h = dimD/B)
(3.13) Clkφφ := ⊕
i+j≤k
ψ∗ΛiB ⊗ Clj (T ∗D+/B)⊗Hom′ (E)
Pick a vector field ν on M2φ-c,ψ, transverse to Bφφ such that νx = 1 and use
the connection on Hom (E) induced by ∇E,0,
∇Hom(E) := β∗L∇E,0 ⊗ β∗R∇E
′,0,
(so that ∇Hom(E)A = [∇E,0, A]) to define
D =
{
u ∈ C∞ (X2φ-c, ψ∗Λ∗B ⊗ β∗Hom (E)) : (∇Hom(E)ν )k u∣∣Bφφ ∈ Clkφφ
}
.
As in [22] we can identify D with the sections of a bundle Gr (Hom) over
M2φ-c,ψ. The connection ∇Hom(E) has the following properties with respect
to the filtration (3.13).
Lemma 3.1.
i) The connection induced on the boundary preserves the filtration.
ii) If W is a vector field on M2φ-c,ψ tangent to all of the boundary hy-
persurfaces then(
∇Hom(E)ν
)p
KHom(E) (ν,W )
∣∣
Bφφ
: Clkφφ → Clk+2φφ
iii) If U ∈ β∗ψ,LΓ(φ-cTM/B) then
KHom(E) (ν, U)
∣∣
Bφφ
: Clkφφ → Clk+1φφ
Proof. The first item is true because ∇E,0 is a Clifford connection with re-
spect to ∇M,0 and the Clifford algebra Cl0 (M), so it preserves the degree
in Cl0 (D) := Λ
∗B ⊗ Cl (TD+/B).
The second item is true because at Bφφ the splitting of the Hom bundle
induces a splitting of the curvature into
KCl0(D) ⊗ Id+ Id⊗KHom′(E),
the second summand does not change the filtration nor do its normal co-
variant derivatives, while the first summand acts by Clifford multiplication
by two-forms
(3.14) KCl0(D) (ν,W ) =
1
4
[
β∗Lcl
(
RD
+,0 (ν,W )
)
− β∗Rcl
(
RD
+,0 (ν,W )
)]
and hence so do its normal covariant derivatives.
Finally from (3.14) we see that, although KHom(E) (ν, U) could move the
filtration by two, the extra degree of vanishing of U at Bφφ (because U ∈
Γ(φ-cTM/B) instead of Γ(φ-hcTM/B)) implies that it only moves it by one.

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An element of D has an expansion at Bφφ
u ∼ u0 + xu1 + . . .+ xh+b+1uh+b+1 +O
(
xh+b+2
)
with uj satisfying
(3.15) uj =
1
j!
(
∇Hom(E)ν
)p
u
∣∣
Bφφ
∈ C∞
(
Bφφ,Cl
j
φφ
)
.
The restriction map to Bφφ as elements of D can be identified with the
projection to D/xD, so it is equal to
(3.16) u 7→ (u0, [u1] , . . . , [uh+b+1])
with [uj ] representing the class of uj in Cl
k
0(D)/Cl
k−1
0 (D). The map (3.16)
is the difference between the rescaled normal operator and the usual nor-
mal operator (which would just take u0). The exterior algebra is the graded
algebra associated to the Clifford filtration, i.e., for any vector space V , we
have Clk (V ) /Clk−1 (V ) ∼= ΛkV . Thus the kth term in the restriction map
can be naturally identified with an element of ΛkT ∗D+ and the restriction
itself as taking values in Λ∗T ∗D+
∣∣
D
.
According to [22, Lemma 8.10], Lemma 3.1 implies that vector fields
U ∈ φ-cTM/B act on D,
∇Hom(E)β∗L,ψU : D → D.
One can think of this as defining a partial connection on Gr (Hom). What
is more, [22, Proposition 8.12] gives a formula for the action of ∇Hom(E)β∗L,ψU :
(3.17)
[
∇Hom(E)β∗LU u
]
j
=
[
∇Hom(E)β∗LU
∣∣
Bφφ
uj + (h+ b+ 1− j)nUuj
]
j
+
[
KHom(E) (ν, U)
∣∣
Bφφ
uj
]
j−1
+
[
1
2
∇Hom(E)ν KHom(E) (ν, U)
∣∣
Bφφ
uj
]
j−2
,
where nU is given by νUx
∣∣
Bφφ
. Note that if U ∈ φ-cTM/B then Ux vanishes
to second order at the boundary and hence nU = 0.
We define the rescaled φ-c pseudo-differential operators
(3.18) Ψkφ-c,G (M/B;E)
by replacing β∗ψ Hom (E) in the description of (3.12) with Gr (Hom). The
rescaled normal operator is a surjective map
(3.19) Ψkφ-c,G (M/B; Λ
∗B ⊗ E) N
G
φφ−−→ Ψksus
(
φ-cN∂M/B; Λ∗xD
+ ⊗ E
)
with null space xΨkφ-c,G (M/B; Λ
∗B ⊗ E).
Before computing the rescaled normal operator of ∇E,0 we establish some
notation. Given a vector field V ∈ Γ(φ-hcTM/B) we denote by V ♯ the one
36 PIERRE ALBIN AND FRE´DE´RIC ROCHON
form dual to V with respect to gφ-hc. We denote by m
eφ
0 the degenerate
Clifford action, defined on α ∈ Γ(T ∗M) by
m
eφ
0 (α) = e(heφα) + cl
(
veφα
)
.
Recall (from the end of §3.1) the tensors Seφ−hc, R̂eφ, and Beφ−hc. We define
ωeφ−hc by substituting Seφ−hc and R̂eφ into formula (3.5).
Proposition 3.2. a) For a vector field U ∈ φ-cTM/B,
NGφφ
(
∇E,0U
)
=
{
σ (U) + 14e
(
RD
+/B (R, U)
)
+ 12e (Qφφ) , if U ∈
[
φ-cN∂M/B
]
∇E,∂M/DU + e
(
dx
x
)
cl
(
1
xU
♯
)
if U ∈ [φ-cV ∂M/B]
for a form Qφφ defined below (3.22) and where ∇E,∂M/D is given by
(3.20) ∇E,∂M/D,⊕ +meφ0
(
ωeφ−hc
)
.
b) The rescaled normal operator of the φ-hc Bismut superconnection A is
NGφφ
(
x2A2φ-hc
)
= HD+/B + B2∂M/D,eφ−hc
+ e
(
dx
x
) [
ðVφ-hc −m
eφ
0
(
Beφ−hc
)
− 1
4
m
eφ
0
(
R̂eφ
)]
=: HD+/B + B2∂M/D,+.
(3.21)
Here B
∂M/D,eφ−hc is equal to the Bismut superconnection for φ˜ where Seφ has
been replaced by Seφ−hc, HD/B is the harmonic oscillator on the fibers of
φ-cN∂M/B, given by
−
∑(
Vi − 1
4
e
(
RD
+/B (R, Vi) + 2Qφφ (Vi)
))2
with Vi ranging over a orthonormal frame for TD/B, and R the radial vector
field on the fibers.
Remark. We point out that the first two terms in (3.21) commute with
e
(
dx
x
)
. This will be used in the computation of the small-time asymptotics
of the heat kernel (Lemma 4.4).
Proof. (a) All that is left to do is compute (3.17) mostly using (1.14) and
(1.15) which, as pointed out in §3.1, hold for RM,0(ν, U) since ν and U are
ψ-vertical.
The first term in (3.17) is just the usual normal operator of the connection
which can be easily computed (e.g., by oscillatory testing) and seen to be
the vertical connection for vertical vector fields, while for a horizontal vector
field, U , it is equal to its principal symbol, σ (U), thought of as a constant
coefficient vector field on the fibers of φ-cN∂M .
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The second term, vanishes for U ∈ φ-cN∂M/B since U vanishes at the
boundary, while if U ∈ T∂M/D, then by (1.14) equals (recall that νx = 1)
1
4
m
eφ
0
(
RM,0 (ν, U)
)
=
1
2
∑
i,α
S+eφ (U, ei) (eα) cl
(
ei
)
e (eα) +
1
2
e
(
dx
x
)
cl
(
1
xU
♯
)
where ei ranges over a basis for T∂M/D, eα over a basis for TD, and we
raise indices to indicate the dual one-forms.
Computing the last term in (3.17) for U ∈ φ-cN∂M/B can be done re-
calling that Bφφ is a bundle over ∂M ×D ∂M , and comparing the value at
any point with the value at the zero section. This can be computed as in
[34, Lemma 5.15] and equals∑
i<j
RψD
(R+ ν∣∣
0
, U
)
(Y1, Y2) e
(
Y ♯1 ∧ Y ♯2
)
(3.22)
=: e (RψD (R, U)) + e (Qφφ (U)) ,
with Yi a frame for TD; just as in [4] we can replace RψD in the last expres-
sion with RD
+/B . Finally, this same term for U ∈ T∂M/D is computed in
(1.15) to be∑
i<j
R̂eφ (Y1, Y2) (U) e
(
Y ♯1 ∧ Y ♯2
)
= e
(
R̂eφ (·, ·) (U)
)
.
(b) We start with the Lichnerowicz formula (3.9),
A2φ-hc = ∆
M/B
Bochner +
1
4
scalM/B −
1
2
K ′E (ea, eb)m
a
0m
b
0.
Notice that the last two terms will contribute scal∂M/D and the twist-
ing curvature of the fibration φ˜. The first term will split into the har-
monic oscillator on the fibers of φ-cN∂M/B and the Bochner Laplacian of
∇E,∂M/D· + e
(
dx
x
)
cl
(
1
x ·#
)
along ∂M/D. Using the Lichnerowicz formula
again, we can reassemble the square of the superconnection along ∂M/D,
then finally note that
−
∑
ei
(
∇E,∂M/Dei +
1
2
e
(
dx
x
)
cl
(
1
xe
i
))2
=
(
∇E,∂M/Dei
)2
+ e
(
dx
x
) [
ðVφ-hc −m
eφ
0
(
Beφ−hc
)
− 1
4
m
eφ
0
(
R̂eφ
)]
,
in the last term the contribution from Seφ cancels out [11, Prop. 2.10]. 
The superconnection B∂M/D,φ-hc is a Cl(1) superconnection with respect
to Clifford multiplication by cl
(
dx
x
)
in the sense of [25, §10]. It can even be
thought of as a Cl(h+ 1) connection with respect to Cl(T ∗D+/B).
Remark. Although ∇E,0 and A are both in Diff1φ-hc, so that x∇E,0 and
xAφ-hc are φ-c differential operators, the former is also an element of the
rescaled calculus, while the latter is not. It is true that x2Aφ-hc is an element
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of the rescaled calculus, and so one might expect to have to multiply A2φ-hc
by x4 to get an element of the rescaled calculus. One advantage of using the
Lichnerowicz formula is that we see that in fact x2A2 rescales.
Finally, we comment on the normal operators for perturbed φ-hc Dirac-
type operators. A small perturbation of ðφ-hc does not affect the rescaled
normal operator. However, for a large perturbation of ðφ-hc associated to
a spectral section P , we replace every occurrence of ðVφ-hc by ð
V
φ-hc + A
ε
P .
Significantly, the resulting Bismut superconnection is still an element of the
rescaled calculus and the rescaled normal operator is only changed by this
replacement. The reason is that AεP anti-commutes with Cl(T
∗D+/B) and
so does not interfere with the rescaling.
4. The φ-hc families index theorem
The heat kernel of the Bismut superconnection will be described as a
function on a fibrewise heat space. The rescaling argument in §3.2 gives a
rescaling at one boundary face in the heat space; there is another rescaling
along the diagonal in the interior as time goes to zero. We describe the heat
kernel of both perturbed and unperturbed Bismut superconnections.
The interior rescaling is carried out in [22, Chapter 8]. It is a geometric
extension of the usual Getzler rescaling, in this case we mean e.g., Theorem
10.21 from [4] which says that for a fibration of closed manifolds the heat
kernel has an expansion along the diagonal as t→ 0
(4.1) kt
(
ζ, ζ ′
) ∼ t−n/2∑ tiki
in which each ki has Clifford degree in Cl0 at most 2i and furthermore
includes an expression for its ‘full symbol’.
4.1. The rescaled heat calculus.
Just as in $1.3 and §3.2, the analysis of the heat kernel in [13] and [22]
proceeds by blowing-up submanifolds to resolve analytic difficulties. The
heat kernel of the Euclidean Laplacian is given, for t > 0, as a function on
Rnζ × Rnζ′ × R+t by
Kt
(
ζ, ζ ′
)
=
1
(4πt)n/2
exp
(
−|ζ − ζ
′|2
4t
)
.
So the blow-up proceeds by introducing ‘polar coordinates’ around the sub-
manifold {ζ = ζ ′, t = 0} that are homogeneous with respect to the scaling
(ζ, ζ ′, t) 7→ (λζ, λζ ′, λ2t), such as
(4.2) ρ =
(|ζ − ζ ′|4 + t2)1/4 , ω = (ζ − ζ ′
ρ
,
t
ρ2
)
, ζ ′.
We refer to this process as parabolic blow-up and refer the reader to [22],
[13] for the details of this construction. The notation used for the resulting
manifold is [
(Rn)2 × R+t ; {ζ = ζ ′, t = 0}, 〈dt〉
]
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where we indicate the original manifold, the submanifold blown-up and the
parabolic directions used in the blow-up. A parabolic blow-up without any
parabolic directions is the blow-up used in §3.2.
For the fibration in (3), the appropriate heat space is obtained from
M ×ψM × R+ → B by blowing-up, on each fiber, the ‘spatial corner’
∂M ×ψ ∂M × R+, the fiber diagonal at the boundary at time zero
∂M ×eφ ∂M×{0} (at time zero because here ‘the heat arrives in finite time’),
and the spatial diagonal at time zero, diagM ×{0}. Thus the heat space,
HMφ-hc,ψ is given by the iterated parabolic blow-up
(4.3) HMφ-hc,ψ :=
[
M ×
B
M × R+; ∂M ×
B
∂M × R+;
∂M ×
D
∂M × {0}, 〈dt〉; diagM ×{0}, 〈dt〉
]
.
As all of the operations are done fiber-by-fiber, we end up with a fibration
HXφ-hc HMφ-hc,ψ
ψD // B
where the fiber is the heat space from §1.3 used by Vaillant.
We denote the three new boundary hypersurfaces introduced by the blow-
ups respectively by B11,0, Bφφ,2, and B00,2. The notation indicates which
variables vanish to define each face and to what order - thus 11, 0 indicates
that we are at the boundary in both the left and right factors but not
in the temporal factor, while 00, 2 indicates that we are at the temporal
boundary but at neither of the spatial boundaries, and φφ, 2 indicates the
fiber diagonal at the temporal boundary.
The interior of the boundary face Bφφ,2 can be identified with
B
◦
φφ,2
∼= φ-cN∂M/B×
D
∂M × R+.
We will use as a time variable in the last factor the projective coordinate
(4.4) τ :=
t
x2
.
The heat space comes with a blow-down map
HM2φ-hc,ψ
β−→M ×
B
M × R+,
and we will denote by βL and βR the composition of β with the projection
onto the left or right factor of M , respectively. Elements of the fibrewise
heat calculus will be sections of
H := β∗Hom (E) := ψ∗Λ∗B ⊗ β∗Hom (E) .
Proceeding as in §3.2, we note that β∗Hom (E) admits filtrations at both
Bφφ,2 and B00,2, since
β∗Hom (E)
∣∣
φφ,2
∼= Cl
(
T ∗D+/B
)⊗Hom′φφ,2 (E)
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and similarly
β∗Hom (E)
∣∣
00,2
∼= Cl (T ∗M/B)⊗Hom′00,2 (E) .
Just as in (3.13), we denote by Clk0(D
+) the elements of Λ∗B⊗Cl(T ∗D+/B)
of total degree at most k and similarly Clk0(M). We define
Clkφφ,2 := Cl
k
0
(
D+
)⊗Hom′φφ,2 (E) , k ∈ {1, . . . , b+ h+ 1}
Clℓ00,2 := Cl
ℓ
0 (M)⊗Hom′00,2 (E) , ℓ ∈ {1, . . . , b+ n}
where b = dimB, n = dimX, and h = dimY , then we use the connection
∇H := β∗∇Hom(E) ⊗ dt ∂
∂t
,
and two vector fields, νφφ,2 and ν00,2, normal to Bφφ,2 and B00,2 respectively
but tangent to all other boundary faces, to define the space of rescaled
sections of H by
DH = {u ∈ C∞ (HMφ-hc,ψ,H) :(
∇Hν00,2
)ℓ
u
∣∣
00,2
∈ Clℓ00,2,
(
∇Hνφφ,2
)k
u
∣∣
φφ,2
∈ Clkφφ,2
}
.
The boundary hypersurfaceB00,2 fibers over diagM , and we will require that
νφφ,2 be tangent to the fibers of B00,2; similarly, ν00,2 should be tangent to
the fibers of Bφφ,2 over ∂M ×D ∂M . As explained in [22, Chapter 8], there
is a bundle Grψ (Hom) whose space of sections is DH .
We denote by ρ00,2 a boundary defining function for B00,2 and use similar
notations ρφφ,2 and ρ11,0 for the other boundary faces. An element of the
heat calculus will be a smooth function on HMφ-hc,ψ valued in Grψ (Hom)
(times a density bundle) with prescribed degree of vanishing at B00,2, Bφφ,2,
and B11,0 and vanishing to infinite order at all other boundary faces. Thus
for three integers ℓ > 0, m ≥ 0, and p ≥ 0 we define the fibrewise rescaled
heat calculus to be
(4.5)
Ψℓ,m,pRHeat (M/B,E) := ρ
ℓ
00,2ρ
m
φφ,2ρ
p−v
11,0C˙∞ (HMφ-hc,ψ,Grψ (Hom)⊗KDH) .
with v = dim ∂M/D, C˙∞ denoting vanishing to infinite order at the other
faces, and with the density bundle
(4.6) KDH =
(x′)n
tn/2
dt
t
β∗H,R
φ-cΩ(M/B),
where φ-cΩ(M/B) refers to the φ-c density bundle on the fibers of ψ.
Remark. An important aspect of this definition is that, for any fixed
t > 0, the integral kernels are b-densities, as pointed out in [34, §4.3, Lemma
5.26(b)].
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4.2. The heat kernel.
We will construct the heat kernel for Bismut superconnections associated to
Fredholm Dirac-type operators possibly with perturbations. To avoid any
problems in applying the local index theorem, and also avoid having to pass
to an ‘extended’ fibrewise heat calculus, we will multiply any perturbations
by an appropriate cut-off function. Let χ (t) be a smooth function identically
equal to zero near zero and equal to one for all t ≥ 1. If AεP is a large
perturbation associated to a spectral section P then we are interested in
(4.7) Aφ-hc + χ
(
t
x2
)
1
xA
ε
P ,
while if QεR is a small perturbation with associated spectral section R, we
are interested in
(4.8) Aφ-hc + χ(t)Q
ε
RPK.
We will be purposely vague and write A˜φ-hc to mean any of Aφ-hc, (4.7), or
(4.8) and only specify when necessary. We now show that we can solve the
heat equation (
t∂t + tA˜
2
φ-hc
)
H = 0, lim
t→0
H = Id
in the fibrewise rescaled heat calculus, by computing its rescaled normal
operators.
It is easy to see that the rescaling atBφφ,2 is compatible with the rescaling
at Bφφ in section §3.2 in that, for instance, for a φ-hc differential operator
B we have
NGφφ,2
(
t1/2BA
)
= τ1/2NGφφ (xB)N
G
φφ,2 (A) ,
thus the rescaled normal operator of ∇E,0 at Bφφ,2 can be read off from
Proposition 3.2, and also that of tA˜2φ-hc. Indeed, we get
NGφφ,2(tA
2
φ-hc) = τN
G
φφ,2(x
2A2φ-hc) = τHD+/B + τB2∂M/D,+
s while for a large perturbation
NGφφ,2
(
tA˜2φ-hc
)
= τHD+/B + τB2∂M/D,φ-hc(ε, τ)
+ τe
(
dx
x
)[
ðVφ-hc + χ(τ)A
ε
P −m
eφ
0
(
Beφ−hc
)
− 1
4
m
eφ
0
(
R̂eφ
)]
=: τHD+/B + τ B˜2∂M/D,+(ε, τ),
where B∂M/D,φ-hc(ε, τ) is as in Proposition 3.2 with ð
V
φ-hc replaced by ð
V
φ-hc+
χ(τ)AεP . Notice that a small pertubation does not affect N
G
φφ,2(tA˜
2
φ-hc).
As pointed out in [25] the rescaling at B00,2 behaves just like Getzler
rescaling on a family of closed manifolds. Indeed, the discussion in [22,
Chapter 8] generalizes to families just as in §3.2 for horizontal vector fields.
Thus, if U ∈ φ-hcTM/B, then
(4.9) NG00,2
(
t1/2∇Hβ∗LU
)
= σ (U)− 1
2
e
[
RM/B
(
ν00,2
∣∣
0
+
1
2
R00,2, U
)]
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where σ (U) is the symbol of U interpreted as a constant coefficient vector
field on the fibres of φ-hcTM/B, ν00,2
∣∣
0
is the restriction of ν00,2 to the zero
section of the fibration B00,2 → diagM ×{0} and will be denoted by Q00,2,
R00,2 is the radial vector field of this fibration, and the curvature acts as
exterior product by a two-form. It follows that
NG00,2
(
tA˜2φ-hc
)
= HM/B + e
(
K ′E
)
,
with the harmonic oscillator on the fibers of φ-cTM/B → M defined as in
Proposition 3.2 with RM/B instead of RD/B and KE
′
the twisting curva-
ture of E (cf. [4, Prop. 10.28]). Notice that neither a small nor a large
perturbation affects the normal operator at B00,2.
The normal operator at B11,0 is potentially more complicated. However,
as we mentioned in §1.3, for the construction of the heat kernel we are
only interested in the operators on this face acting on the bundle K =
ker ðVφ-hc. In particular, if ð
V
φ-hc has no kernel (or has been perturbed to
make it invertible), then we do not have a problem to solve at this face.
On the other hand, if dimK > 0 then it follows from the discussion around
(3.10) that the normal operator at this face is
N11,0(Aφ-hc) = Bψ+D
+ Jeφ
acting on Λ∗B ⊗K. Finally, if A˜φ-hc is given by (4.8) then its restriction to
K at the boundary involves B˜ψ+D(t, ε) obtained from Bψ+D by replacing every
instance of ðK by ðK + χ(t)QεR.
Having described the normal operators at each of the relevant boundary
faces, we next follow Vaillant and construct the heat kernel in the fibrewise
rescaled heat calculus. The heat kernels of the harmonic oscillators are given
by Mehler’s formula (as extended by Getzler), see [34, Appendix 4].
Proposition 4.1. The heat kernel of A˜2φ-hc is an element of the rescaled
heat calculus
exp(−tA˜2φ-hc) ∈ Ψ2,2,0RHeat,φ-hc (M/B;E) .
The normal operators depend on the presence of a perturbation:
i) In the invertible case, when K forms a bundle and ðH,K is invertible,
NG00,2
(
e−tA
2
φ-hc
)
(ζ) = e−HM/B(ζ)e−
1
2
Q00,2(ζ)e−x
2KE
′
NGφφ,2
(
e−tA
2
φ-hc
)(
ζ̂ , τ
)
= e−τHD+/B(
bζ)e− 12Qφφ,2(bζ)e−τB2∂M/D,+
NG11,0
(
e−tA
2
φ-hc
)
(t) = PKe−t
“
BψD
+Jeφ
”2 [
1√
4πt
e−
| log s|2
4t
]
with ζ a linear variable in the fibres of φ-cTM/B and ζ̂ a linear
variable in the fibers of φ-cN∂M/B.
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ii) If P is a spectral section for ðVφ-hc and A˜φ-hc is given by (4.7),
NG00,2
(
e−t
eA2φ-hc) (ζ) = e−HM/B(ζ)e− 12Q00,2(ζ)e−x2KE′
NGφφ,2
(
e−t
eA2φ-hc)(ζ̂ , τ) = e−τHD+/B(bζ)e− 12Qφφ,2(bζ)e−τeB2∂M/D,+(τ,ε)
NG11,0
(
e−t
eA2φ-hc) (t) = 0.(4.10)
iii) If R is a spectral section for ðH,Kφ-hc and A˜φ-hc is given by (4.8),
NG00,2
(
e−t
eA2φ-hc) (ζ) = e−HM/B(ζ)e− 12Q00,2(ζ)e−x2KE′
NGφφ,2
(
e−t
eA2φ-hc)(ζ̂ , τ) = e−τHD+/B(bζ)e− 12Qφφ,2(bζ)e−τB2∂M/D,+
NG11,0
(
e−t
eA2φ-hc) (t) = PKe−t“cl “dxx ”x∂x+eBψD (t,ε)+Jeφ”2
Remark. The vanishing of (4.10) means that e−teAM/B,P is actually an
element of Ψ2,2,1RHeat,φ-hc,ψ (M ;E), but we are interested in its normal operators
as an element of Ψ2,2,0RHeat,φ-hc,ψ (M ;E).
Proof. Notice that the normal operators in every case match at the corner
B00,2 ∩Bφφ,2 by compatibility of the rescalings and solve the heat equation
at these faces. Demanding that compatibility at the corner Bφφ,2 ∩B11,0
yields a boundary value for the heat equation for the face B11,0. If ð
V
φ-hc
is invertible (or has been perturbed to be invertible), then the boundary
value is zero, and the unique solution to the heat equation vanishing at
t = 0 is the zero kernel. If, on the other hand, ðVφ-hc is not invertible then
the compatibility condition is that the kernel at time t = 0 should be the
projection onto the kernel of ðVφ-hc. Thus the relevant problem atB11,0 is the
heat equation for the indicial operator Ib(A˜φ-hc) = cl
(
dx
x
)
x∂x + B˜ψD + Jeφ
acting on the bundle K and this is solved by the normal operator prescribed
above. Thus, in every cases, the alleged normal operators are compatible
and so there is an element of the rescaled heat calculus with these normal
operators. Any such element is a parametrix which solves the heat equation
to first order in the rescaled heat calculus (which is all we need for the index
formulas below).
The composition result in [34, Chapter 4] can be applied fibrewise to get
a composition result for the fibrewise heat calculus. In fact, as pointed out
in [25], the construction of the triple space used to prove the composition
result can itself be carried out fibrewise and show that not only does the
same composition result hold, but it has smooth dependence on the base of
the fibration.
The composition in the heat calculus can be used, together with the
solution to the normal operators, to construct a parametrix that solves the
heat equation to infinite order at each boundary face. At that point all that
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is left is a Volterra-type operator which as shown in [22, Thm. 7.24] has an
inverse of the same type. 
Remark. In an early version of [25] the perturbations were not multiplied
by cut-off functions to keep them away from t = 0 and so an ‘extended’
heat calculus composition result was used and established in an appendix.
The reason being that the composition resulted in elements with non-trivial
asymptotics as t → 0 away from the diagonal, which are not allowed in
the ‘standard’ heat calculus. Later the cut-off was added and, though the
appendix remains, the composition result is not needed as the perturbations
vanish to infinite order at t = 0. The same is true in our case, no non-trivial
asymptotics arise at any face other than B00,2, Bφφ,2, and B11,0 hence we
do not need to extend Vaillant’s heat calculus.
4.3. The Chern character.
The Chern character of a superconnection on a closed manifold is defined
to be the supertrace of its heat kernel. A key part of extending the index
theorem to non-compact manifolds is that the heat kernel is generally not
of trace class (cf. §1.4). This is true for φ-hc superconnections and we will
have to deal with renormalization. Fortunately, the behavior of the heat
kernel for positive time is just like that treated in [25]. What is more, if the
heat kernel vanishes at B11,0 then it actually is of trace class and behaves
much like the heat kernel on a closed manifold.
Recall the definition of the renormalized trace from (1.24). As this in-
volves restricting the integral kernel of an operator to the diagonal, it is
important to note - from the definition of the density bundles - that re-
stricting an element of the heat calculus to the diagonal and taking the
pointwise trace yields a function on
diagH =
[
M × R+√
t
; ∂M × {0}
]
given by [34, Lemma 5.26]
tr
∣∣
diag
: Ψ2,2,0RHeat,φ-hc (M/B,E)
→ ρ−111,0ρ−h−2φφ,2 ρ−n00,2C∞
(
diagH , β
∗
diagH ,R
Ω (X) dt
)
str
∣∣
diag
: Ψ2,2,0RHeat,φ-hc (M/B,E)→ ρ−111,0C∞
(
diagH , β
∗
diagH ,R
Ω (X) dt
)
where Ω (X) denotes the density bundle on X, and the extra cancellation
for the supertrace is the result of the Getzler rescalings at B00,2 and Bφφ,2.
Thus, we see that in the constant rank case, e−tA
2
φ-hc is not of trace class
but is a b-density for t > 0. This means that we will be able to make use of
the b-trace of [22] to define a renormalized Chern character and especially
that the results of Melrose and Piazza [25] describe this renormalized Chern
character very explicitly. In the presence of a large perturbation we have
an extra degree of vanishing from (4.10), so e−tA
2
φ-hc,P actually is of trace
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class for t > 0. Hence we can use the traditional definition of the Chern
character, which is then described very explicitly by Berline, Getzler, and
Vergne [4].
As already remarked, the renormalized trace is not an actual trace since it
does not vanish on commutators. However, it is always true that the renor-
malized trace of a commutator localizes to the boundary. For b-densities
this is particularly elegant as shown by Melrose [22, Chapter 4] (see also
[25, Proposition 9] for families) and is given by the trace-defect formula
RTr ([A,B]) =
i
2π
∫
R
Tr (∂λI (A,λ) · I (B,λ)) dλ,
whenever at least one of A and B is smoothing. Recall that, given a b-
operator A, the indicial family of A is, for each complex number λ, an
operator on the boundary ∂X defined by
I (A,λ) (ξ) =
(
x−iλAxiλξ˜
)∣∣
∂X
where ξ˜ is any extension of ξ from the boundary (and the result is indepen-
dent of the extension used).
As the heat kernels of φ-hc Bismut superconnections in the constant rank
case are b-densities for t > 0, so generally not integrable, we define
R Ch (Aφ-hc) =
R Str
(
e−A
2
φ-hc
)
.
The heat equation proof of the index theorem proceeds by comparing
the behavior at t → ∞ and t → 0 of the rescaled Bismut superconnection,
whose definition we now recall. Given any superconnection A, say it acts on
C∞(X;E) by
A = A[0] + A[1] + . . . + A[k]
where each A[j] maps into j-forms, we define the rescaled superconnec-
tion At to be
At := t1/2
(
A[0] + t
−1/2A[1] + . . .+ t−k/2A[k]
)
.
This can be expressed in terms of the function δBt that multiplies forms on
B of degree k by t−k/2 as
(4.11) At = t1/2δBt A
(
δBt
)−1
.
In the following lemma we compute the derivative in t of the renormal-
ized Chern character. When ðVφ-hc has constant rank kernel, K, but is not
invertible there is a boundary contribution in the form of a supertrace of an
operator on K. We define the supertrace on K by
strK(A) =
∫
∂M/D
trE
[
QM/Bcl
(
dx
x
)
A
]
where QM/B is the grading operator on Cl(M/B) (=i
⌊m/2⌋
cl
(
dvolM/B
)
).
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Lemma 4.2 ([4], Theorem 9.17; [25], Proposition 11, Corollary 3).
i) If ðVφ-hc is invertible or is perturbed to be invertible, then the Chern char-
acter of the φ-hc Bismut superconnection A˜φ-hc satisfies
∂
∂t
Ch
(
A˜tφ-hc
)
= −dB Str
(
∂A˜tφ-hc
∂t
e−(
eAtφ-hc)2
)
.
Otherwise, the renormalized Chern character of A˜φ-hc satisfies
∂
∂t
(
RCh
(
A˜tφ-hc
))
= −dB R Str
(
∂A˜tφ-hc
∂t
e−(
eAtφ-hc)2
)
+ η̂ (t)
where η̂ (t) ∈ ΛevenB is defined to be
η̂ (t) =
√
t
∫
D/B
strK
(
NG11,0
[
∂A˜tφ-hc
∂t
e−(
eAtφ-hc)2
])
.
ii) If ðH,Kφ-hc is invertible then
−η̂
(
ð
H,K
φ-hc
)
:=
∫ ∞
0
η̂(t) dt
=
1
2
√
π
∫ ∞
0
∫
D/B
strK
(
∂
∂t
(BtψD + J teφ)e
−(BtψD+J
t
eφ
)2
)
dt,
and if dimD/B is even and Jeφ = 0 then η̂(t) vanishes. If Q is a spectral
section for ðH,Kφ-hc then
−η̂Q
(
ð
H,K
φ-hc
)
:=
∫ ∞
0
η̂(t) dt
is given, up to an exact form, by
1
2
√
π
∫ ∞
0
∫
D/B
strK
(
∂
∂t
(B̂tψD + J teφ)e
−(bBtψD+J teφ)2
)
dt,
where B̂ψD is equal to B˜ψD with ε = 0.
Proof. For the duration of the proof we lighten the notation by introducing
At := A˜
t
φ-hc, A˙t :=
∂A˜tφ-hc
∂t
.
First one can justify as in [25] using Duhamel’s principle and the trace-
defect formula that
∂
∂t
(
R Ch
(
A˜tφ-hc
))
= −R Str
(
∂(A˜tφ-hc)
2
∂t
e−(
eAtφ-hc)2
)
.
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Next since A˜φ-hc is odd with respect to the filtration on Cl0(M/B), we can
identify the derivative with a supercommutator
R Str
(∂(A˜tφ-hc)2
∂t
e−(
eAtφ-hc)2) = R Str([At, A˙te−A2t ])
= FP
z=0
Str
(
xz
[
At, A˙te
−A2t
])
= FP
z=0
Str
([
At, x
zA˙te
−A2t
]
− [At, xz] A˙te−A2t
)
= FP
z=0
Str
([
A[1], x
zA˙te
−A2t
]
− zxzt1/2m0(dxx )A˙te−A
2
t
)
= dB
R Str
(
A˙te
−A2t
)
− Res
z=0
Str
(
xz
√
tcl
(
dx
x
)
A˙te
−A2t
)
= dB
R Str
(
A˙te
−A2t
)
−
∫
B11,0∩diag
str
(
cl
(
dx
x
)√
tA˙te
−A2t
∣∣
B11,0
)
= dB
R Str
(
A˙te
−A2t
)
− η̂(t)
which proves (i).
The convergence of the integral of η̂(t) follows from the existence of the
limits as t → ∞ and as t → 0 of R Ch(A˜tφ-hc) which will be discussed in
Lemmas 4.3 and 4.4.
If ðH,Kφ-hc is invertible, then
η̂(t) =
∫
B11,0∩diag
str
(
cl
(
dx
x
)√
t
∂
∂t
(BtψD + J teφ)e
−(BtψD+J
t
eφ
)2 1√
4πt
e−
| log s|2
4t
)
=
1
2
√
π
∫
B11,0∩diag
str
(
cl
(
dx
x
) ∂
∂t
(BtψD + J teφ)e
−(BtψD+J
t
eφ
)2
)
as required.
If dimD/B is even and Jeφ = 0 then let QD+/B be the involution
i⌊
h+1
2
⌋
cl
(
dvolD+/B
)
and note that
B˜tψDQD+/B = QD+/BB˜
t
ψD
, cl
(
dx
x
)
QD+/B = QD+/Bcl
(
dx
x
)
,
QM/BQD+/B = −QD+/BQM/B, Q2D+/B = 1.
Hence,
η̂(t) =
1
2
√
π
∫
D/B
trE
[
Q2D+/BQM/Bcl
(
dx
x
) ∂BtψD
∂t
e
−(BtψD )
2
]
= − 1
2
√
π
∫
D/B
trE
[
QD+/BQM/Bcl
(
dx
x
) ∂BtψD
∂t
e
−(BtψD )
2
QD+/B
]
= − 1
2
√
π
∫
D/B
trE
[
Q2D+/BQM/Bcl
(
dx
x
) ∂BtψD
∂t
e
−(BtψD )
2
]
= −η̂(t)
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and so η̂(t) vanishes.
Finally if ðH,Kφ-hc is being perturbed to be invertible, we appeal to the com-
putations in [25, Corollary 3] using the trace-defect formula to show that
one can replace B˜ψD with B̂ψD at the cost of an exact form. The difference
between our situation and theirs is the presence of the endomorphism Jeφ
measuring the failure of the φ-hc metric and the Clifford bundle E to be
of product-type. However, one can check that this term does not affect the
computations in the proof of [25, Corollary 3]. 
Note that, even when dimD/B is even, η̂(t) need not vanish if Jeφ is
not zero. The above argument fails because, even when the metric is of
product-type at the boundary, Jeφ = PKvφcl
(
K ′E
(
dx♭, ·)) anti-commutes
with QD+/B while B˜
t
ψD
commutes. More to the point, we can explicitly
compute the contribution in a greatly simplified context. Assume that
dimD/B = 0 and dimM/B = 2, that K forms a vector bundle over B,
and the metric gφ-hc is of product-type so that
BtψD + J teφ = PK
[√
tK ′E(x∂x,
1
x∂z)cl
(
1
x∂z
)
+ eα∇Eα
]
where α ranges over a frame for ψ∗TB; furthermore assume that the twisting
curvature K ′E(x∂x,
1
x∂z)
∣∣
∂M
= iC where C is a non-zero real constant and
that ∇E 1x∂z vanishes at the boundary. (All of these assumptions hold for
a natural family of ∂ operators on Riemann surfaces with cusps as will be
explained in a companion paper [2].) Then, in this case, we have
(4.12)
η̂
(
ð
H,K
φ-hc
)
= −1
2
∫ ∞
0
∫
∂M/B
trE
(
QM/Bcl
(
dx
x
) i
2
√
πt
Ccl
(
1
x∂z
)
e
−B2
[1]e−tC
2
)
=
1
4
∫
∂M/B
trE
(
e
−B2
[1]
)∫ ∞
0
Ce−tC
2 dt√
πt
=
1
4
sign(C)Ch(ker ðVφ-hc) =
1
4
sign(C)Ch(ker ðV,+φ-hc ⊕ ker ðV,+φ-hc)
=
1
2
sign(C)Ch(ker ðV,+φ-hc),
where in the line before the last, we have used the fact that, under the Z2
grading, ker ðVφ-hc decomposes as
(4.13) ker ðVφ-hc = ker ð
V,+
φ-hc ⊕ ker ðV,−φ-hc
with ker ðV,−φ-hc canonically identified with ker ð
V,+
φ-hc via the Clifford action of
cl
(
dx
x
)
. Note that
(4.14)
[
η̂
(
ð
H,K
φ-hc
)]
[0]
=
1
2
sign(C) dim(ker ðV,+φ-hc)
holds without the assumption that ∇E 1x∂z vanishes at the boundary.
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Back to the general case, we next assume that ker ðφ-hc and coker ðφ-hc
are vector bundles over B, potentially after a smoothing perturbation. If B
is compact and ðφ-hc has been perturbed to be Fredholm then, as pointed
out at the end of §2.2, this can always be arranged. However if B is not
compact, then we must make this assumption to start with. We denote the
resulting Z/2 graded bundle by Ind(ðφ-hc) in the unperturbed case and by
IndP (ðφ-hc) when ðφ-hc is being perturbed by an operator associated to the
spectral section P . We will denote it by I˜nd(ðφ-hc) when we do not want
to specify. The orthogonal projection PInd onto this bundle is a smoothing
compact operator which we use to contract the Levi-Civita connection to
form
∇Ind := PInd
(
A˜φ-hc
)
[1]
PInd.
The following lemma can be proven just as in [25, Proposition 15] by
applying the argument of Berline and Vergne [5].
Lemma 4.3 ([4], Theorem 9.23; [25], Proposition 15). If ðφ-hc is Fredholm
or has been perturbed to be Fredholm, the Chern character (renormalized if
necessary) of the φ-hc superconnection A˜φ-hc satisfies
lim
t→∞
R Ch
(
A˜tφ-hc
)
= Ch
(
I˜nd (ðφ-hc) ,∇Ind
)
.
The last piece we need is the behavior of the supertrace of the heat kernel
as t→ 0. To compute this we need to keep track of the three rescalings, one
from replacing Aφ-hc with A
t
φ-hc, and two from changing the homomorphism
bundle at Bφφ,2 and B00,2.
Before stating the result we recall the definition of the twisted supertrace
and the Bismut-Cheeger η̂ form. The former is denoted str′ and defined in
[22] as follows. Denote the grading operator on E by QE so that strE (·) =
trE (QE·). Because E is a Cl (M/B) module we can write QE = QCl(M/B)⊗
Q′E where QCl(M/B) is the grading operator on Cl (M/B) and Q
′
E supercom-
mutes with Clifford multiplication, then if A⊗B ∈ Cl (M/B)⊗hom′M/B (E)
(4.15)
strE (A⊗B) = tr
(
QCl(M/B)A
)
tr
(
Q′EB
)
=: strCl(M/B) (A) str
′ (B) .
The twisted Chern character is defined as str′(e−t(K
′
E)
2
) where K ′E is the
twisting curvature (the part of the curvature that anti-commutes with Clif-
ford multiplication).
When E|∂M is seen as a Cl(D+/B) Clifford module, there is also a notion
of relative supertrace. Namely, if QCl(∂M/D) is the vertical grading operator,
then we define the relative supertrace to be
(4.16) strE/D+(L) = tr(QCl(∂M/D)L), L ∈ homCl(D+/B)(E).
Instead of (4.15), we have in this case that
(4.17) strE(A⊗̂L) =
{
strD+/B(A) strE/D+(L), h odd,
i strD+/B(A) strE/D+(L), h even,
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for A⊗̂L ∈ Cl(D+/B)⊗̂ homCl(D+/B)(E). The extra i factor in the case h is
even comes from the fact (cf. p.105 in [34])
(4.18) QCl(M/B) =
{
QCl(D+/B)QCl(∂M/D), h odd,
−iQCl(D+/B)QCl(∂M/D), h even,
together with the fact QCl(∂M/D) anti-commutes with A whenever h is even
and strE(A⊗̂L) is non-zero. Notice that our definition (4.16) of the relative
supertrace differs from the one of Vaillant when h is even.
If Z ′ → X ′ φ
′
−→ Y ′ is a fibration, and A′t is the rescaled Bismut supercon-
nection associated to a submersion metric, then the Bismut-Cheeger η̂ form
is defined (up to powers of 2 and π) to be
∫ ∞
0
Str
[(
ð− 1
4t
mφ
′
0
(
Ωφ′
))
e−(A
′
t)
2
]
dt
2
√
t
if the dimension of the fibers is even and
1√
π
∫ ∞
0
Treven
[(
ð− 1
4t
mφ
′
0
(
Ωφ′
))
e−(A
′
t)
2
]
dt
2
√
t
if the dimension of the fibers is odd. As a form on Y ′, η̂ is even (respectively
odd) when the dimension of the fiber is odd (respectively even).
Below we will denote by η̂+ forms that differ from the Bismut-Cheeger η̂
in the same way that B∂M/D,φ-hc differs from the Bismut superconnection
of φ˜, i.e., in the inclusion of the tensor Beφ−hc which measures the failure
of gφ-hc to be of product-type at the boundary. Explicitly, if D/B is even,
η̂+(ðVφ-hc) is given by∫ ∞
0
Str
[(
ðVφ-hc −
1√
τ
m
eφ
0
(
Beφ
)
− 1
4τ
m
eφ
0
(
Ωeφ
))
e
−(eBτ
∂M/D,φ-hc
)2
]
dτ√
τ
and mutatis mutandis when D/B is odd. In particular, if there is an ex-
tension of φ˜ to a collar neighborhood of the boundary for which gφ-hc is a
submersion to second order, then η̂+ coincides with η̂. We will also use the
Melrose-Piazza invariants η̂+P defined just like η̂
+ but with ðVφ-hc replaced by
the addition of a large perturbation associated to P , ðVφ-hc +A
ε
P . Just as in
[25], different choices of AεP corresponding to the same spectral section P
only change η̂+P by an exact form.
Lemma 4.4. The Chern character of the rescaled Bismut superconnection,
A˜tφ-hc, has a limit as t→ 0 which depending on the perturbation is given by:
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• If ðVφ-hc has kernel of constant rank and ðH,Kφ-hc is invertible or has been
perturbed to be invertible then
(4.19) lim
t→0
RCh
(
A˜tφ-hc
)
=
1
(2πi)n/2
∫
M/B
Â (M/B)Ch′ (E)
+
1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðVφ-hc, E
)
• If ðVφ-hc is invertible or has been perturbed to be invertible by a large
perturbation associated to P , then
(4.20) lim
t→0
Ch
(
A˜tφ-hc
)
=
1
(2πi)n/2
∫
M/B
Â (M/B)Ch′ (E)
+
1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+P
(
ðVφ-hc, E
)
.
The limit (in cohomology) only depends on the choice of P and not
on the choice of associated perturbation.
Proof. The small-time limit of the renormalized supertrace of an element
Q ∈ Ψ2,2,0RHeat,ψ (M ;E) can be computed using the push-forward theorem
from [23] applied to diagH → R+t , or directly as in [34, Lemma 5.27], to be
lim
t→0
R Str (Q) =
∫
B00,2∩diagH
str (Q)
∣∣
B00,2
+
∫
Bφφ,2∩diagH
str (Q)
∣∣
Bφ,φ,2
.
Convergence of the two integrals follows from the vanishing of the integrands
at the corners B11,0 ∩Bφφ,2 and Bφφ,2 ∩B00,2 which in turn follows from
the remark immediately after the statement of Proposition 3.2.
We make use of two well-known facts to reduce this computation to the
rescaled normal operators from Proposition 4.1. The first is that [4, Lemma
10.22]
str(e−(
eAtφ-hc)2) = δBt
(
str(e−t
eA2φ-hc)
)
while the second is the fundamental observation of Patodi that the super-
trace in Cl(V ) only depends on the terms with Clifford degree equal to
dimV .
Consider first the contribution from B00,2 (which is the same for the per-
turbed and unperturbed superconnections). We know that the heat kernel
has an expansion at this face of the form
k ∼ t−n/2
∑
ℓ≥0
tℓ/2kℓ
and since the heat kernel is in the rescaled calculus each kℓ has total degree
at most ℓ with respect to the filtration by Cl0(M) = Cl(M/B) ⊗ ΛB. By
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the two well-known facts above,
δtB str(k) ∼
∑
ℓ≥0
t(ℓ−NB)/2 str(k˜ℓ)
where each kℓ has been replace by the part with total degree n with respect to
the filtration by Cl(M/B). The fact that the total degree of kℓ with respect
to Cl0(M) is at most ℓ shows that this expansion is non-singular at t = 0
and has limit equal to the supertrace of the part of k with maximal degree
with respect to this filtration. This is precisely the supertrace of a volume
form ((−2i)n/2) times the n-form part of the rescaled normal operator,
(−2i)n/2EvM/Bn
[
NG00,2
(
e−t
eA2φ-hc)] .
So using the formula for NG00,2 (A) from Proposition 4.1 and the fact that
e−HM/B(ζ)e−
1
2
Q00,2(ζ)
∣∣
ζ=0
= (4π)−n/2Â (M/B) we get∫
B00,2∩diagH
δτ str
(
e−tA
2
φ-hc
)∣∣
B00,2
=
∫
B00,2∩diagH
(−2i)n/2 EvM/Bn
[
NG00,2
(
e−tA
2
φ-hc
)∣∣
diagH
]
=
1
(2πi)n/2
∫
B00,2∩diagH
EvM/Bn
[
Â (M/B) str′
(
e−t(K
′
E)
2)]
.
A similar analysis applies to Bφφ,2. Notice that at this face the rescaling
by t, δtB , becomes δ
x2
B δ
τ
B . The effect of δ
x2
B at this face is just like the effect
of δtB at B00,2: it compensates for the fact that the rescaling is with respect
to Cl0(D
+) and the supertrace picks out the term of highest degree with
respect to Cl(D+/B). Thus, from (4.17) and standard formulas for the
supertrace of Clifford algebras (see for instance formulas (1.23) and (1.24)
in [7]), we see that as k approaches Bφφ,2, δ
t
B str(k) approaches
(4.21)
(−2i)h+12 EvD+/Bh+1
[
str′NGφφ,2
(
δτBe
−teA2φ-hc)] , for h odd,
(−2i)h2EvD+/Bh+1
[
str′NGφφ,2
(
δτBe
−teA2φ-hc)] , for h even.
Now however, the twisting term is more interesting. Starting from (4.21)
and proceeding essentially as in p.98 of [34], we get
1
(2πi)
h+1
2
Ev
D+/B
h+1
[
δτBÂ
(
τRD
+/B
)
str′E/D+
(
e
−τeB2
∂M/D,+
)]
, for h odd,
1
(2πi)
h
2 2
√
π
Ev
D+/B
h+1
[
δτBÂ
(
τRD
+/B
)
str′E/D+
(
e
−τeB2
∂M/D,+
)]
, for h even,
where we recall that
B˜2∂M/D,+ = B˜
2
∂M/D,φ-hc+e
(
dx
x
)[
ðVφ-hc + Â
ε
P −m
eφ
0
(
Beφ
)
− 1
4
m
eφ
0
(
R̂eφ−hc
)]
.
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Notice that δτBÂ
(
τRD
+/B
)
= Â (D/B) δτD+ and, since e
(
dx
x
)
commutes
with Â (D/B) (as noted after Proposition 3.2), that the str′ factor can be
replaced by the str′ of the part of δτD+e
−τA that contains e
(
dx
x
)
which is
1√
τ
e
(
dx
x
)[
ðVφ-hc +A
ε
P −
1√
τ
m
eφ
0
(
Beφ
)
− 1
4τ
m
eφ
0
(
R̂eφ−hc
)]
e
−(eBτ
∂M/D,φ-hc
)2
.
Let us briefly refer to this term as e(dxx )A. The contribution from Bφφ,2 is
thus
1
(2πi)
h+1
2
∫
D/B
Â (D/B)
∫ ∞
0
str′E/D+
(
e(dxx )A
)
dτ
when h is odd and
1
(2πi)
h
2 2
√
π
∫
D/B
Â (D/B)
∫ ∞
0
str′E/D+
(
e(dxx )A
)
dτ
when h is even. In both cases, this can be rewritten as
1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðVφ-hc, E
)
where η̂+
(
ðVφ-hc, E
)
is the odd eta form when h is odd,
(4.22) η̂+
(
ðVφ-hc, E
)
=
∫ ∞
0
str′E/D+
(
e(dxx )A
)
dτ
and is the even eta form when h is even,
(4.23) η̂+
(
ðVφ-hc, E
)
=
1
2
√
π
∫ ∞
0
str′E/D+
(
e(dxx )A
)
dτ.

RemarkWhen we are in the product-type situation (i.e. Beφ−hc = 0) and
there is no Fredholm perturbation, our conventions are such that, when h is
odd, η̂+
(
ðVφ-hc, E
)
corresponds to the odd eta form of Bismut and Cheeger
associated to the family ðVφ-hc. When h is even, the relation with the eta
form of Bismut and Cheeger is as follows. On the boundary, the map
T ∗(∂M/D) → Cl(M/D)
ξ 7→ dxx · ξ
induces an isomorphism of algebra Cl(∂M/D) ∼= Cl0(M/D). Thus on ∂M ,
E0 := E+|∂M is naturally a Cl(∂M/D) Clifford module. Moreover, Clifford
multiplication by e(dxx ) naturally gives an identification
E−|∂M → E0
ξ 7→ dxx · ξ.
Under the identification
E|∂M = E+
∣∣
∂M
⊕ E−∣∣
∂M
∼= E0 ⊕ E0,
54 PIERRE ALBIN AND FRE´DE´RIC ROCHON
the vertical family ðV,+φ-hc takes the form
ð
V,+
φ-hc =
(
0 ð0
ð0 0
)
where ð0 is the family of Dirac type operators associated to the Cl(∂M/D)
Clifford module E0 and its induced Clifford connection. When h is even, our
conventions precisely insure that η̂+(ðVφ-hc, E) is the odd Bismut-Cheeger eta
form associated to the family ð0.
Integrating the formulas in Lemma 4.2 from t = 0 to t = ∞ and using
Lemmas 4.3 and 4.4 to evaluate the limits, we get the φ-hc families index
theorem.
Theorem 4.5.
i) If ðVφ-hc has kernel of constant rank and ð
H,K
φ-hc is invertible, then the
Chern character of the (unperturbed) Bismut superconnection satis-
fies the following equation at the level of forms
(4.24) Ch
(
Ind (ðφ-hc) ,∇Ind
)
=
1
(2πi)n/2
∫
M/B
Â (M/B) Ch′ (E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðVφ-hc
)− η̂ (ðH,Kφ-hc)
− d
∫ ∞
0
Str
(
∂
∂t
Atφ-hce
−(Atφ-hc)
2
)
.
ii) If ðVφ-hc has kernel of constant rank and Q is a spectral section for
ð
H,K
φ-hc then, in H
evenB, we have
(4.25) Ch (IndQ (ðφ-hc)) =
1
(2πi)n/2
∫
M/B
Â (M/B)Ch′ (E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðVφ-hc
)− η̂Q (ðH,Kφ-hc) .
iii) If P is a spectral section for ðVφ-hc then the following equation in
HevenB
(4.26) Ch (IndP (ðφ-hc)) =
1
(2πi)n/2
∫
M/B
Â (M/B)Ch′ (E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+P
(
ðVφ-hc
)
.
Remark The choices made in building a Fredholm perturbation affect
the η̂ invariants by adding closed forms. In some cases it can be worthwhile
to keep track of these forms [30], but, as we do not, we have stated parts
(ii) and (iii) of the theorem as equalities in cohomology.
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Remark Notice that if P1 and P2 are both spectral sections for ð
V
φ-hc
satisfying (2.4) for functions R1, R2 : D → R+, then at any point d ∈ D we
have
RanP1 ∪ (RanP2)⊥ ⊆ ⊕
−R1(d)≤λ≤R2(d)
Eλ,
(RanP1 + (RanP2)
⊥)⊥ ⊆ ⊕
−R2(d)≤λ≤R1(d)
Eλ,
hence both of these spaces are finite dimensional. Thus the spaces RanP1
and (RanP2)
⊥ form a Fredholm pair of subspaces of L2 at every point d ∈ D
and define an element of K(D),
[P1, P2] := [RanP1 ∪ (RanP2)⊥]−
[
(RanP1 + (RanP2)
⊥)⊥
]
.
Melrose and Piazza [25, Proposition 17] proved an Agranovich-Dynin type
formula
η̂P1 − η̂P2 = Ch([P1, P2]) in HevenD,
and applying this to (ii) and (iii) above yields relative index theorems.
Remark A family of operators with constant rank kernel has a canonical
choice of spectral section, P≥, the projection onto the eigenspaces with
positive eigenvalues. As explained in [25, §16] in this case the usual formula
for the η̂ invariant converges and differs from η̂P≥ by the Chern character
of the kernel. Thus when ðH,Kφ-hc has constant rank kernel we get from (ii),
Ch
(
IndP≥(ðH,Kφ-hc)
(ðφ-hc)
)
=
1
(2πi)n/2
∫
M/B
Â (M/B) Ch′ (E)
− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+
(
ðVφ-hc
)−(η̂ (ðH,Kφ-hc)+ 12 Ch(ker ðH,Kφ-hc)
)
.
However, when ðVφ-hc has constant rank kernel, P≥ is not a Cl(T ∗D+/B)
spectral section.
5. The φ-c families index theorem
In [28], Moroianu deduces the φ-c index theorem for a single Fredholm
generalized Dirac operator by reducing it to the φ-hc index theorem for the
conformally associated generalized Dirac operator. As explained in §2.3,
we can extend Moroianu’s argument to families of operators as long as the
dimension of the kernel and cokernel are constants independent of the base
point. Since we can always achieve this by a compact perturbation we get
the following theorem:
Corollary 5.1. Let ð0 be a family of φ-c Dirac-type operators such that
ðVφ-hc admits a spectral projection, P , and let ðp be as in §2.3, then the
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following equation holds in HevenB
Ch (IndP (ðp)) = Ch (IndP (ðφ-hc))
=
1
(2πi)n/2
∫
M/B
Â (M/B) Ch′ (E)− 1
(2πi)⌊
h+1
2
⌋
∫
D/B
Â (D/B) η̂+P
(
ðVφ-hc
)
.
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